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Abstract In this article we introduce a new type of iterative method for initial value problems

(IVPs). We enhance this method by using shooting techniques and interpolation for the boundary

value problems. Our method is more accurate and applicable than built in methods used in different

software packages. We solved several examples for initial value problems and linear and non-linear

boundary value problems and compared results to those obtained using MATLAB.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University.

1. Introduction

Many techniques for solving boundary value problems were
discussed and presented by many researchers. The common

technique for solving boundary value problems is shooting
method. In shooting method the boundary value problem
(BVP) is reduced to the solution of an initial value problem

(IVP), by assuming initial values that would have been given
if the ordinary differential equation were an initial value prob-
lem. The boundary value calculated is then matched with the

real boundary value. Using trial and error or some scientific
approach, one attempts to get as close to the boundary value
as possible [1,2]. The concept of multiple shooting was first

suggested by Morrison et al. [3] later promoted by Keller [4]

who developed and analyzed both a simple shooting method
(SSM) and a multiple shooting method (MSM). A more latest
version of a multiple shooting method, MUSN, was developed

by Mattheij and Staarink [5]. Lie-group shooting method was
proposed by Liu [6–8].

In this article, we develop an iterative formula for the ini-

tial value problem (IVP) and convert it to boundary value
problem by shooting technique and interpolation. The
mostly used shooting technique in different software depends
on Newton Raphson method, which fails to predict results

when the first derivative of function is zero or undefined
.Thus, technique fails in many problems, while we used
interpolation to approximate the guess, due to this we can

solve several problems using shooting method that could
not be solved. This article is organized as follows. Section 1
is an introduction and Section 2 introduces a new approxi-

mating formula for the IVP. Section 3 describes the shooting
technique and in Section 4 some nonlinear problems are
solved using the proposed shooting method. Section 5 con-

cludes the paper.
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2. New approximating formula for initial value problem

Let us consider the nonlinear initial value problem

y0 ¼ fðx; yÞ; yðxoÞ ¼ yo

We consider the Taylor series expansion of yðxþ hÞ

yðxþ hÞ ¼ yðxÞ þ hy0ðxÞ þ 1

2
h2y00ðxÞ þ 1

3!
h3y000ðxÞ

þOðh4Þ ð1Þ

where the given nonlinear part of the initial value problem is

y0ðxÞ ¼ fðx; yÞ

Now, we can further approximate for second and third

derivatives,

y00ðxÞ ¼ fxðx; yÞ þ fyðx; yÞy0ðxÞ

y00ðxÞ ¼ fxðx; yÞ þ fyðx; yÞ � fðx; yÞ

y000ðxÞ ¼ fxxðx; yÞ þ fyxðx; yÞy0ðxÞ þ fyyðx; yÞðy0ðxÞÞ2

y000ðxÞ ¼ fxxðx; yÞ þ fyxðx; yÞ � fðx; yÞ þ fyyðx; yÞf2ðx; yÞ

So putting all derivatives approximations in (1)

yðxþ hÞ ¼ yðxÞ þ hfðx; yÞ þ 1

2
h2fxðx; yÞ

þ 1

2
h2fyðx; yÞfðx; yÞ þ

1

3!
h3fxxðx; yÞ

þ 1

3!
h3fyxðx; yÞfðx; yÞ þ

1

3!
h3fyyðx; yÞf2ðx; yÞ ð2Þ

Consider the equation proposed for our iterative formula;

yðxþ hÞ ¼ yðxÞ þ Ahf0 þ Bhf1 þ Chf2 ð3Þ

where

f0 ¼ fðx; yÞ ð4Þ

f1 ¼ fðxþ Ph; yþQhf0Þ ð5Þ

f2 ¼ fðxþ Rh; yþ Shf1Þ ð6Þ

f1 ¼ fðx; yÞ þ Phfxðx; yÞ þQhfyðx; yÞfðx; yÞ ð7Þ

f2 ¼ fðx; yÞ þ Rhfxðx; yÞ þ Shfyðx; Þfðx; yÞ þ
S2h2

2
fyy

þ SRh2fxðx; yÞ þ R2h2fxxðx; yÞ ð8Þ

Our aim is to find the values of the constants A, B, C, P, Q,

R and S, putting (4)–(8) in (3)

yðxþ hÞ ¼ yðxÞ þ Ahfðx; yÞ þ Bhfðx; yÞ þ BPh2fxðx; yÞ
þ BQh2fyðx; yÞfðx; yÞ þ Chfðx; yÞ þ CRh2fxðx; yÞ

þ CSh2fyðx; yÞfðx; yÞ þ CS2 h
3

2
fyyðx; yÞ

þ CSRh3fxðx; yÞfyðx; yÞ þ CR2h3fxxðx; yÞ

which implies

yðxþ hÞ ¼ yðxÞ þ hfðx; yÞ½Aþ Bþ C� þ h2fxðx; yÞ½BP
þ CR� þ h2fyðx; yÞ½BQþ CS� þ CS2

� h3

2
fyyðx; yÞ þ CSRh3fxfy þ CR2 h

3

2
fxx ð9Þ

Comparing (2) and (9)

Aþ Bþ C ¼ 1

Let

A ¼ B ¼ C ¼ 1=3

BPþ CR ¼ 1=2

BQþ CS ¼ 1=2

CR2 ¼ 1=3

1=3ðPþ RÞ ¼ 1=2) Pþ R ¼ 3=2) P ¼ 1=2

1=3ðQþ SÞ ¼ 1=2) Qþ S ¼ 3=2

R2 ¼ 1) R ¼ 1

Solving above equations for the constants and putting val-
ues in Eqs. (4)–(8) for solving (3), we have our required for-

mula as

f0 ¼ fðx; yÞ

f1 ¼ xþ h

2
; yþ hf0

� �

f2 ¼ xþ h; yþ h

2
f1

� �

y ¼ yðxÞ þ h

3
ðf0 þ f1 þ f2Þ ð10Þ

3. Shooting method

Let us consider the two point non-linear boundary value
problem

y00 ¼ fðx; y; y0Þ; yðaÞ ¼ a; yðbÞ ¼ b ðAÞ

Our aim is to convert the above boundary value problem into
initial value problem. In this case, (A) equation can be written

as for IVP.

y00 ¼ fðx; y; y0Þ; yðaÞ ¼ a; y0ðaÞ ¼ Unknown

¼ s ðSayÞ ðAÞ

Now, the goal is to find s for which the solution satisfies the
second boundary condition

Figure 1 Cross sectional geometry of a pressure vessel.
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