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In this article we introduce a new type of iterative method for initial value problems
(IVPs). We enhance this method by using shooting techniques and interpolation for the boundary
value problems. Our method is more accurate and applicable than built in methods used in different
software packages. We solved several examples for initial value problems and linear and non-linear
boundary value problems and compared results to those obtained using MATLAB.
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1. Introduction

Many techniques for solving boundary value problems were
discussed and presented by many researchers. The common
technique for solving boundary value problems is shooting
method. In shooting method the boundary value problem
(BVP) is reduced to the solution of an initial value problem
(IVP), by assuming initial values that would have been given
if the ordinary differential equation were an initial value prob-
lem. The boundary value calculated is then matched with the
real boundary value. Using trial and error or some scientific
approach, one attempts to get as close to the boundary value
as possible [1,2]. The concept of multiple shooting was first
suggested by Morrison et al. [3] later promoted by Keller [4]

* Corresponding author. Tel.: +92 3336057937.

E-mail address: ahsan@scme.nust.edu.pk (M. Ahsan).

Peer review under responsibility of Faculty of Engineering, Alexandria
University.

&

ELSEVIER Production and hosting by Elsevier

who developed and analyzed both a simple shooting method
(SSM) and a multiple shooting method (MSM). A more latest
version of a multiple shooting method, MUSN, was developed
by Mattheij and Staarink [5]. Lie-group shooting method was
proposed by Liu [6-8].

In this article, we develop an iterative formula for the ini-
tial value problem (IVP) and convert it to boundary value
problem by shooting technique and interpolation. The
mostly used shooting technique in different software depends
on Newton Raphson method, which fails to predict results
when the first derivative of function is zero or undefined
.Thus, technique fails in many problems, while we used
interpolation to approximate the guess, due to this we can
solve several problems using shooting method that could
not be solved. This article is organized as follows. Section 1
is an introduction and Section 2 introduces a new approxi-
mating formula for the IVP. Section 3 describes the shooting
technique and in Section 4 some nonlinear problems are
solved using the proposed shooting method. Section 5 con-
cludes the paper.
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2. New approximating formula for initial value problem

Let us consider the nonlinear initial value problem
YV =fxp), yx) =1y,

We consider the Taylor series expansion of y(x + /)

1 3. m

ﬁh »"'(x)
+ O(h*) (1)

where the given nonlinear part of the initial value problem is

Y(x) =/x,)

Now, we can further approximate for second and third
derivatives,

V'(x) = fulx, ) + 1(x,0)y (x)

y”(x) :fx(x>y) +fv(x7y) 'f(xvy)

1
y(x+h) =y(x)+h(x)+ Ehzy”(x) +

Y10) = fueoe,2) + (6,20 () + fu (36, 0) (0 ()

V'(X) = fee (36, 9) + fox (36, ) - 06, ) + fr0 (X, 0)f (3, 9)

So putting all derivatives approximations in (1)
1
Y h) = p(x) + b p) + 50 7)
1 2, ., 1 3,
+ Eh f}’(xvy)f(x7y) + yh fxx(x7y)
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Consider the equation proposed for our iterative formula;

y(x +h) = y(x) + Ahfo + Bhfi + Chf 3)

where

Jo=1x,) 4)

Si =fx+ Ph,y + Qhfy) (5)

S =f(x+ Rh,y + Shfi) (6)

fi =%, y) + Phf(x,p) + Ohfy(x, )f(x,») (7
SZhZ

Jo = f1x,y) + RAf(x,p) + ShE (x, )%, 9) + ==y
+ ShafY(ny) + thzfl\‘x('xvy) (8)

Our aim is to find the values of the constants 4, B, C, P, Q,
R and S, putting (4)—(8) in (3)

y(x+h) = y(x) + Ahf(x,y) + Bhf(x,) + BPI’f.(x, )
+ BOKf,(x, »)f(x,y) + Chf(x,y) + CRI*f(x,y)

+ CSIfy (%, 7)(x, ) + CS? h;ﬁy(x,y)

+ CSRI(x, ))f(x,7) + CRI (%, 7)
which implies
y(x+h) = p(x) + hf(x, )[4 + B+ C| + I’f(x,y)[BP

+ CR] + I’f,(x,»)[BO + CS] + CS*
3 3
x %ﬁy(.x, y) + CSRIff, + CR %f 9)

Comparing (2) and (9)
A+B+C=1

Let

A=B=C=1/3

BP+CR=1/2
BQ+CS=1)2
CR*=1/3

1/3(P+R) =1/2=P+R=3/2=P=1)2
1/3(0+8)=1/2=0+S=3)2

R=1=R=1

Solving above equations for the constants and putting val-
ues in Egs. (4)—(8) for solving (3), we have our required for-
mula as

So=1x,y)

fi= (x4

fi= (3t i)

v =y() 5o+ i+ (10)

3. Shooting method

Let us consider the two point non-linear boundary value
problem

V' =35, v@)=a, yb)=p (A)

Our aim is to convert the above boundary value problem into
initial value problem. In this case, (A) equation can be written
as for IVP.
VW =f(x,,)), yla)=ua, ) (a)= Unknown
=5 (Say) (A)

Now, the goal is to find s for which the solution satisfies the
second boundary condition
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Figure 1  Cross sectional geometry of a pressure vessel.
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