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a b s t r a c t

We present a time-dependent stop operator-based Prandtl–Ishlinskii model to characterize singular

hysteresis loops in a piezoceramic actuator. The model is constructed based on the time-dependent

threshold. The inverse time-dependent stop operator-based Prandtl–Ishlinskii model is obtained

analytically and it can be applied as a feedforward compensator to compensate for singular hysteresis

loops in a class of smart-material-based actuators. The objective of this study is to present an invertible

Prandtl–Ishlinskii model that can be applied as a feedforward compensator to compensate for singular

hysteresis loops without inserting a feedback control system.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

Smart-material-based actuators such as piezoceramic and
magnetostrictive actuators are becoming increasingly popular
for high frequency micro- and nano-positioning applications
because of a number of advantages which include nanometer
resolution and fast response [1–6]. However, under high excita-
tion frequencies, a number of smart-material-based actuators
exhibit singular hysteresis loops between the applied input
voltage or current and measured output displacement, see for
example [7–15]. These nonlinearities cause oscillations, poor
tracking performance, and potential instabilities [1].

The Prandtl–Ishlinskii model is an attractive choice for gen-
erating input–output hysteresis loops of piezoceramic and mag-
netostrictive actuators since the model can be implemented with
a few hysteresis operators, see for example [12–14]. The model
can characterize time-dependent hysteresis nonlinearities and
creep effects [7,10]. Furthermore, The inverse Prandtl–Ishlinskii
model can be obtained analytically [16,18]. Consequently, the
inverse model can be applied as a feedforward compensator to
compensate for hysteresis effects in real-time systems [13,10].

Different hysteresis models have been proposed to model the
hysteresis nonlinearities between the input voltage and the out-
put displacement in piezoceramic actuators, see for example [2].
However, hysteresis modeling in most studies have been carried
out under low excitation frequencies, where the piezoceramic
actuators show nonsingular hysteresis loops. In order to design a
suitable control system compensates for the these nonlinearities,
it is essential to characterize nonsingular hysteresis loops. A

number of studies have applied a rate-independent hysteresis
model as well as a transfer function describes the dynamics of the
piezoceramic actuator to characterize the hysteresis loops at
different excitation frequencies, see for example [8]. In this paper,
we propose a time-dependent Prandtl–Ishlinskii model to char-
acterize singular hysteresis loops.

2. The time-dependent stop operator-based Prandtl–Ishlinskii
model

The stop operator has been proposed to characterize the
elastic–plastic behavior in continuum mechanics [19]. In this
section, the time-dependent stop operator-based Prandtl–Ishlins-
kii model is presented.

2.1. The model

We deal with the space ACð0,TÞ of real absolutely continuous
functions defined on the interval ½0,T�. For an input uðtÞAACð0,TÞ,
the output of the time-dependent stop operator is denoted as

wðtÞ ¼FrðtÞ½u,x�ðtÞ, ð1Þ

where x is an initial condition. For inputs and thresholds that are
piecewise linear, that is, linear in each interval of a partition
0¼ t0ot1o � � �otl ¼ T, the output of the time-dependent play
operator expressed as

zðtÞ ¼GrðtÞ½u,x�ðtÞ, ð2Þ

where

GrðtÞ½u,x�ðtÞ ¼maxðuðtÞ�rðtÞ,minðuðtÞþrðtÞ,zðti�1ÞÞÞ: ð3Þ

Contents lists available at SciVerse ScienceDirect

journal homepage: www.elsevier.com/locate/physb

Physica B

0921-4526/$ - see front matter & 2012 Elsevier B.V. All rights reserved.

http://dx.doi.org/10.1016/j.physb.2012.12.021

E-mail address: aljanaideh@gmail.com

Physica B 413 (2013) 100–104

www.elsevier.com/locate/physb
www.elsevier.com/locate/physb
http://dx.doi.org/10.1016/j.physb.2012.12.021
http://dx.doi.org/10.1016/j.physb.2012.12.021
http://dx.doi.org/10.1016/j.physb.2012.12.021
mailto:aljanaideh@gmail.com
http://dx.doi.org/10.1016/j.physb.2012.12.021


We define the time-dependent stop operator-based on the com-
plementary property [19] as

FrðtÞ½u,x�ðtÞ ¼ uðtÞ�GrðtÞ½u,x�ðtÞ: ð4Þ

Let nAN, the output of the time-dependent stop operator-
based Prandtl–Ishlinskii model formulated for i¼ 1,2, . . . ,n as

P½u�ðtÞ ¼ a0uðtÞþ
Xn

i ¼ 1

aiFriðtÞ½u,xi�ðtÞ ð5Þ

where a0 is a positive constant and ai are negative constants. The
dynamic thresholds ri(t) are defined for tA ½0,T� as

0rr1ðtÞrr2ðtÞr � � �rrnðtÞ: ð6Þ

To characterize the singular hysteresis loops in smart actuators,
we use the following time-dependent threshold function

riðtÞ ¼ aiþbi9 _uðtÞ9, ð7Þ

where 0rbi51

aiþ1�aiZs ð8Þ

and

biþ1�biZZ, ð9Þ

where s and Z are positive constants and aibbi.
It is important to note that the time-dependent stop operator-

based Prandtl–Ishlinskii model is reduced to the stop operator-
based Prandtl–Ishlinskii model with bi ¼ 0 and riðtÞ ¼ ai.

2.2. Example

An input signal of the form uðtÞ ¼ 10 sinð2pftÞ, where f is the
excitation frequency. The following dynamic threshold is consid-
ered:

rðtÞ ¼ aþb9 _uðtÞ9: ð10Þ

The simulation results with f¼50 Hz and 100 Hz are shown in
Fig. 1. It can be concluded that the time-dependent stop operator
constructed with a suitable time-dependent threshold function
r(t) can exhibit singular hysteresis loops. Fig. 1(d) shows input–
output relationship of the stop operator presented in Ref. [19].

3. Hysteresis modeling

In this section, the stop operator-based Prandtl–Ishlinskii
model (5) is applied to characterize singular time-dependent
hysteresis loops of a piezoceramic actuator.

3.1. Experimental results

The experiments were performed on a piezoceramic actuator
(P-753.31C) from Physik Instrumente Company. A capacitive
sensor is used to measure the output displacement of the
actuator. The actuator displacement response signal was acquired
by a DSpace DS1104 controller board. The measurements with the
piezoceramic actuator were performed under a harmonic input of
uðtÞ ¼ 40 cosð2fptÞ V at three excitation frequencies (1 Hz, 200 Hz,
and 550 Hz). The input voltage and output displacement signals
were acquired at a sampling frequency of 10 kHz. Fig. 2 shows the
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Fig. 1. The input–output characteristics of a time-dependent stop operator at: (a) 50 Hz with a¼ 1 and b¼ 1
1500, (b) 100 Hz with a¼ 1 and b¼ 1

1500, (c) 100 Hz with a¼ 1

and b¼ 1
15,000, and (d) 100 Hz with a¼ 1 and b¼ 0.
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