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a b s t r a c t

To determine the accuracy of tracking programs for precision storage ring experiments, analytical
estimates of particle and spin dynamics in electric and magnetic rings were developed and compared to
the numerical results of a tracking program based on Runge–Kutta/Predictor–Corrector integration.
Initial discrepancies in the comparisons indicated the need to improve several of the analytical
estimates. In the end, this rather slow program passed all benchmarks, often agreeing with the
analytical estimates to the part-per-billion level. Thus, it can in turn be used to benchmark faster
tracking programs for accuracy.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Analytical estimates for particle dynamics in electric and magnetic
rings with and without focusing have been given in a variety of papers
and notes. We suggest that these high-precision estimates can serve as
benchmarks to test the accuracy of any precision particle tracking
program. A program that successfully passes all benchmarks can, in
turn, provide a baseline to benchmark faster programs. Thus, it can be
a powerful tool for assessing tracking programs for Muon (g-2),
Storage Ring EDM and other precision physics experiments requiring
high-precision beam and spin dynamics simulation. The program we
put to the test in this paper is based on Runge–Kutta/Predictor–
Corrector (RKPC) integration, a relatively slow but simple method. It
should reproduce the analytical estimates to sub-ppm accuracy on a
time scale on the order of hours, in order to be a feasible candidate for
benchmarking faster programs. We use the term “focusing” to denote
“weak vertical focusing” unless otherwise indicated. Horizontal focus-
ing is defined by the vertical focusing plus the geometry of the ring,
always conforming with Maxwell's equations. These benchmarks
include the following:

� Pitch correction [1,2] to particle precession frequency in a
uniform B-field with and without focusing.

� Vertical oscillations and energy oscillations in a uniform B-field
with no focusing, electric focusing, and magnetic focusing.

� Radial and vertical oscillations and energy oscillations in an all-
electric ring with and without weak focusing.

� Synchrotron oscillations and momentum capture with a radio
frequency cavity (RF) in a uniform B-field.

� An EDM signal and systematic error with an RF Wien Filter in a
magnetic ring.

In the analytical estimates that follow, we define γ0 as the
Lorentz factor of the design particle in the ring. The vertical pitch
angle θy of a particle is defined such that θy ¼ βz=βθ where
ðβρ;βθ ;βzÞ ¼ v!=c in cylindrical coordinates. The field focusing
index is n, with n¼ �ðdB=B0Þ=ðdr=r0Þ a number with range
0ono1.

2. Motivation

A tracking program to be used for estimates and investigations
in precision experiments must be optimized to be as accurate and
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fast as possible. This calls for a well-tested and robust procedure to
benchmark the accuracy of tracking programs in situations rele-
vant to the experiments. Precision experiments such as the Muon
(g-2) and Storage Ring Electric Dipole Moment (EDM) experiment
[3–5] require measurements of sub-part per million (ppm) accu-
racy. In the case of a proton or deuteron Storage Ring EDM
experiment, a tracking program of extraordinary precision is
required to estimate the spin coherence time of the particle
distribution and various lattice parameters, as well as to estimate
the values of systematic errors associated with the experiment.
Many commonly used beam and spin dynamics programs ignore,
or erroneously account for, second and higher-order effects.
Tracking in an electric storage ring poses the additional challenge
of conforming with total-energy conservation while accounting for
higher-order effects.

Numerical integration with a sufficiently small step size
allowed to run for a sufficiently long time may reproduce the
analytical results with high accuracy. Moreover, comparison of
analytical estimates with precision tracking results can identify
discrepancies and indicate the need to improve the estimates. (In
this way, it was determined that the total correction due to vertical
particle oscillations, the so-called pitch effect, can be significantly
reduced [6].)

We benchmarked a program based on Runge–Kutta/Predictor–
Corrector method [7] against the developed analytical estimates.

3. Precision tracking

For a particle of mass m and charge e, there are two differential
equations that govern particle and spin dynamics. For particle
velocity β

!
and rest spin s! in external fields, the equations are [8]
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and the T-BMT equation, with an anomalous magnetic moment a
of the particle:
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The RKPC integration was used with a step size of 1–10 ps to
numerically solve the two differential equations with the corre-
sponding initial conditions.

4. Magnetic ring

A magnetic ring consists of a uniform magnetic field B
!

, taken
to be in the vertical direction. The correction C to the precession
frequency due to a vertical pitch is defined by ωm ¼ωað1�CÞ,
where ωa is the (g�2) correct frequency [9] for a particle with
anomalous magnetic moment a, and ωm is the measured fre-
quency. The predicted correction is [2]

C ¼ 1
4
θ2
0 1�ðω2

aþ2aγ2ω2
pÞ=γ2ðω2

a�ω2
pÞ

n o
: ð3Þ

with ωp ¼ 2πf p, where fp is the vertical (pitch) oscillation
frequency.

4.1. No focusing

When there is no focusing or when ωp⪡ωa, the correction from
Eq. (3) becomes

C ¼ 1
4
β2θ2

0; ð4Þ

where for linear oscillations, 〈θ2
y 〉¼ ð1=2Þθ2

0, where θ0 is the
maximum pitch angle of the particle trajectory.

For a particle with β¼ 0:972 and a constant 1.0 mrad vertical
pitch as shown in Fig. 1, the simulated correction to the (g�2)
precession frequency of 0.2361 ppm is in very good agreement
with the analytically predicted value of 0.2363 ppm using Eq. 4.

Checking over several values of θy confirms that the analytic
expression and the pitch correction in the tracking simulation
agree for small θy, as expected.

4.2. Weak magnetic focusing

When there is magnetic focusing and when ωp⪢ωa, the
correction from Eq. (3) becomes

C ¼ 1
4
θ2
0ð1þ2aÞ: ð5Þ

The analytical estimate [10] for the average particle radial devia-
tion from the ideal orbit with radius r0, with weak magnetic
focusing index n, takes the form

Δr
r0

� �
¼ αp

Δp
p0

� �
¼ � 1

1�n
θ2
y

D E
; ð6Þ

for a vertical pitch frequency significantly greater than the (g�2)
precession frequency of the particle, where αp is the momentum
compaction factor.

Eq. (6) predicts an average radial deviation 〈Δr=r0〉 of �5�
10�7 using θ0 ¼ 1 mrad and a field index n¼0.01, consistent with
the tracking results shown in Fig. 2 to sub-part per billion (ppb)
level. The dependence of oΔr=r04 on the field index is shown to
hold over a range of n values in Fig. 3.

In a continuous storage ring with weak focusing, field strength
B0, and ring radius r0, the vertical and horizontal magnetic field
components around the ideal trajectory can be expressed to
second-order in the vertical position y as

Bxðx; yÞ ¼ �n
B0

r0
y ð7Þ

Byðx; yÞ ¼ B0�n
B0

r0
xþn

B0

r0

y2

2r0
; ð8Þ

Fig. 1. The particle path in Cartesian coordinates in a uniform B-field with pitch
angle θy ¼ 1:0 mrad, for a ring with a 5 m radius.
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