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a b s t r a c t

The mechanical behaviour of non-chiral and chiral single-walled carbon nanotubes under tensile and
bending loading conditions is investigated. For this purpose, three-dimensional finite element modelling
is used in order to evaluate the tensile and bending rigidities and, subsequently, the Young's moduli. It is
shown that the evolution of rigidity, tensile and bending, as a function of diameter can be described by a
unique function for non-chiral and chiral single-walled nanotubes, i.e. regardless of the index or angles of
chirality. A comprehensive study of the influence of the nanotube wall thickness and diameter on the
Young's modulus values is also carried out. It is established that the evolution of the Young's modulus as
a function of the inverse of the wall thickness follows a quasi-linear trend for nanotubes with diameters
larger than 1.085 nm. The current numerical simulation results are compared with data reported in the
literature. This work provides a benchmark in relation to ascertaining the mechanical properties of chiral
and non-chiral single-walled carbon nanotubes by nanoscale continuum models.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Carbon nanotubes (CNTs) are nanostructures attracting research
interest due to their extraordinary mechanical, optical, thermal and
electrical properties [1]. The CNTs outstanding physical properties
such as strength and lightness enable applications in numerous
different fields: chemistry, physics, engineering, materials science.
From the point of view of structural application, the high stiffness
together with low density indicates use of the CNTs as nanoscale
fibres for reinforcement of nanocomposite structures (see, for
example, [2e4]). This type of application of carbon nanotubes has
required the investigation of their mechanical properties, including
their deformation behaviour under different loading conditions.

There are two approaches commonly used to study the me-
chanical properties and deformation behaviour of CNTs: experi-
mental and computational. For single-walled and multi-walled
CNTs, methods for measuring Young's modulus based on in situ
atomic force microscopy (AFM) and transmission electron micro-
scopy (TEM) techniques have been established [5,6]. Although

various experimental studies have been carried out to evaluate the
mechanical properties of CNTs, there is inconsistency in the
experimental results reported in the literature, owing to the
complexity of the characterization of nanomaterials at the atomic
scale. The common point in the experimental studies is the evi-
dence of the unparallelled mechanical properties of CNTs. Con-
cerning the accuracy of the values of the CNTmechanical properties
that are determined, experimental studies still show a wide scatter
of their values. From this point of view, computer simulation for
predicting the mechanical properties of CNTs has been considered
as a powerful tool, due to the experimental difficulties.

The theoretical approaches for the modelling and character-
ization of the CNTs behaviour can be divided into three main cat-
egories: the atomistic approach, the continuum approach and the
nanoscale continuum approach. A comprehensive critical review
concerning the modelling of the mechanical behaviour of carbon
nanotubes has been undertaken by Rafiee and Moghadam [7].
Hereinafter, a brief assessment of main modelling methodologies is
carried out.

Atomistic modelling, used solely during the first years of theo-
retical studies on CNTs, calculates the positions of atoms based on
their interactive forces and boundary conditions (see, for example
[8]). Atomistic modelling comprises an ab initio approach [9] and
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molecular dynamics (MD) [10e14]. After this, other atomistic
modelling methods, such as tight-binding molecular dynamics
(TBMD) [15,16] were developed.

Generally, ab initiomethods givemore accurate results thanMD,
but they are computationally expensive and only possible to use for
a small number of molecules or atoms. Molecular dynamics can be
used in large systems and provide good predictions of CNT me-
chanical properties under different loading conditions, but it is still
limited owing to its being very time consuming, especially when
long or multi-walled CNTs are simulated. In recent years, the
atomistic approaches, due to their big computation cost, have been
gradually replaced by continuum approaches, which are at the
moment the most indicated for effective computational simulation
of large systems.

The basic assumption of the continuum mechanics-based
approach consists of the modelling of CNTs as a continuum struc-
ture, concerning the distribution of mass, stiffness, etc., i.e. the real
discrete structure of the nanotubes is neglected and replaced by a
continuum medium. Some authors have explored continuum shell
modelling for studying the mechanical behaviour of CNTs [17e20].
However, the atomic characteristics of carbon nanotubes, such as
chirality, are not taken into account in the continuous shell
approach, and so their effects on the mechanical behaviour of CNTs
cannot be captured. To overcome this obstacle, Chang proposed an
anisotropic shell model for SWCNTs [21] that can predict some
anisotropic effects related to chirality. Besides shell structures,
other continuum structures, such as tubes and plates, are employed
in continuum approaches. In the models of Sears and Batra [22],
and Gupta and Batra [23] the whole single-walled CNT structure
was simulated as an equivalent continuum tube. Wang [24]
employed the equivalent elastic plate model. Arash and Wang
[25] show the advantages of the continuum theory applied to the
modelling of shells and plates. However, whatever the type of the
continuummodelling approach, the replacement of the whole CNT
structure by a continuum element is not a completely satisfactory
method to evaluate CNT properties.

The nanoscale continuummodelling (NCM) consists of replacing
the carbonecarbon (CeC) bond by a continuum element. As a
result, continuummechanics theories can be used at the nanoscale,
i.e. a linkage between molecular configuration and solid mechanics
is recognized. NCM is frequently accomplished by finite element
modelling. The main approach in NCM consists of considering
different elements, such as rod, truss, spring and beam, well
described in elasticity theory, to simulate CeC bonds (see, for
example, [26e29]). The first NCMmodel of CNTs was developed by
Odegard et al. [26] and consisted of a continuum truss model. The
disadvantage of the truss model is the impossibility of describing
the CNT mechanical behaviour under torsional load, because the
out-of-plane torsion of the CeC bond cannot be taken into account.

Various FEM models where the CeC bonds are simulated using
diverse kinds of elastic spring element, such as linear, non-linear,
rotational, torsional, have been recently reported [30e37].
Although the use of spring elements is an effective way for simu-
lation of the bond angle variations, the accuracy of the Young's
modulus results depends on the choice of the potential function for
the calculation of the force constants.

Since Li and Chou [27] linked the interatomic potential energies
to the strain energies of an equivalent beam element and estab-
lished a direct relationship between sectional stiffness parameters
and the force field constants, equivalent beam approaches have
been successfully used to simulate the mechanical behaviour of
CNT, although with different formulations of the inter-atomic
molecular potential energies and boundary conditions
[28,38e43]. The FE models, which employed beam elements in a
three-dimensional (3D) space, developed by Tserpes and Papanikos

[26], Papanikos et al. [38] and Avila and Lacerda [39] differ from
each other mainly due to the boundary conditions and the method
for the Young's modulus calculation. The recent 3D FE model of Lu
and Hu [42] used the same formulation for potential energy of
covalent system, but considering an elliptical cross-section area of
equivalent beam. In another analytical approach developed by
Shokrieh and Rafiee [40], the deformations of beam elements were
obtained using Castigliano's theorem. In the works of Her [41] and
Mohammadpour [43] themodifiedMorse potential function for the
potential energy of the covalent system used to describe non-linear
behaviour of CeC bonds was applied. It can be concluded from
these studies that nanoscale continuum modelling (NCM) is an
adequate modelling technique for predicting CNT mechanical
properties and shows results in close agreement with those ob-
tained from MD modelling.

In the present study, the equivalent beam approach is used in
order to evaluate the tensile and bending rigidities and, subse-
quently, Young's modulus of various single-walled carbon nano-
tubes (SWCNT) structures, as non-chiral (zigzag, q ¼ 0�, and
armchair, q¼ 30�) and families of chiral (q¼ 8.9�;13.9�;19.1� among
others) SWCNTs for a wide range of chiral indices, nanotube
length and diameter. A comprehensive study of the influence
of the nanotube wall thickness and diameter on the Young's
modulus results was carried out. Moreover, the present work pro-
vides a benchmark in relation to ascertaining the mechanical
properties of chiral and non-chiral SWCNTs by nanoscale contin-
uum models.

2. Materials and methods

2.1. Atomic structure of SWCNTs

A simple way to describe an SWCNT is as a rolled-up graphene
sheet giving rise to a hollow cylinder, the surface of which is
composed of hexagonal carbon rings (see, for example [44,45]). The
hexagonal pattern is repeated periodically, leading to binding of
each carbon atom to three neighbouring atoms by covalent bonds.
A schematic illustration of an unrolled hexagonal graphene sheet is
shown in Fig. 1. The symmetry of the atomic structure of SWCNTs is
characterized by the chirality, which is defined by the chiral
vector Ch:

Fig. 1. Schematic illustration of an unrolled hexagonal graphene sheet with definition
of chiral vector.
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