
Consideration of spatial variation of the length scale parameter in
static and dynamic analyses of functionally graded annular and
circular micro-plates

Iman Eshraghi a, Serkan Dag b, *, Nasser Soltani a

a School of Mechanical Engineering, College of Engineering, University of Tehran, Tehran, Iran
b Department of Mechanical Engineering, Middle East Technical University, Ankara 06800, Turkey

a r t i c l e i n f o

Article history:
Received 14 November 2014
Received in revised form
20 March 2015
Accepted 31 March 2015
Available online 8 April 2015

Keywords:
A. Plates
B. Vibration
C. Analytical modelling
C. Micro-mechanics
Functionally graded materials

a b s t r a c t

This article introduces new methods for static and free vibration analyses of functionally graded annular
and circular micro-plates, which can take into account spatial variation of the length scale parameter. The
underlying higher order continuum theory behind the proposed approaches is the modified couple stress
theory. A unified way of expressing the displacement field is adopted so as to produce numerical results
for three different plate theories, which are Kirchhoff plate theory (KPT), Mindlin plate theory (MPT), and
third-order shear deformation theory (TSDT). Governing partial differential equations and corresponding
boundary conditions are obtained following the variational approach and the Hamilton's principle.
Derived systems of differential equations are solved numerically by utilizing the differential quadrature
method (DQM). Comparisons to the results available in the literature demonstrate the high level of
accuracy of the numerical results generated through the developed methods. Extensive analyses are
presented in order to illustrate the influences of various geometric and material parameters upon static
deformation profiles, stresses, and natural vibration frequencies. In particular, the length scale parameter
ratio -which defines the length scale parameter variation profile-is shown to possess a profound impact
on both static and dynamic behaviors of functionally graded annular and circular micro-plates.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally gradedmaterials (FGMs) belong to a special class of
composites, which possess smooth spatial variations in the volume
fractions of the constituent phases. These variations facilitate
design of structures with customized physical properties and
improved performance. Previous work show that property grada-
tion enhances mechanical response of components utilized in a
number of technological applications including thermal barrier
coatings [1], wear resistant surfaces [2], cutting tools [3], solid
oxide fuel cells [4], and biomaterials [5]. Recently, with the advent
of micro-scale FGM component fabrication techniques such as
magnetron sputtering [6], chemical vapor deposition and plasma-
enhanced chemical vapor deposition [7], and modified soft
lithography [8]; research focus has been placed on behavior of
functionally graded micro-scale structures.

The present study aims at putting forward new analysis tech-
niques for micro-scale annular and circular plates built from
functionally graded materials. Annular and circular micro-plates
have been employed as components in a wide variety of micro-
electro-mechanical-systems (MEMS). Annular micro-plates are
utilized in MEMS such as gear pumps [9], stiction valves [10], and
resonators [11,12]; whereas circular micro-plates find applications
in pressure sensors [13], acoustic energy harvesters [14], and op-
tical MEMS sensors [15]. Functionally graded annular and circular
plates possess the intrinsic advantages that come alongwith spatial
variations in physical properties. Depending on the form of these
variations, in graded annular and circular plates deflections and
tensile static stresses could be lower [16] and critical buckling loads
could be higher [17] compared to those evaluated for non-graded
counterparts. Furthermore, natural frequencies of free vibrations
of a graded plate are strongly dependent upon property distribu-
tion profiles and can be optimized by devising a suitable compo-
sition architecture [18]. Thus, it is of significance to employ solution
methodologies delivering sufficiently accurate results regarding* Corresponding author. Tel.: þ90 312 2102580; fax: þ90 312 2102536.
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both static and dynamic behaviors of graded annular and circular
micro-plates.

Conventional continuum theories, such as classical elasticity,
can not accurately predict the response of micro-components
because of the size effect prevailing at the micro-scale. Analysis
of micro-scale structures needs to be based on a higher order
continuum theory, examples of which are nonlocal theory of
Eringen [19e21], modified couple stress theory [22e24], strain
gradient elasticity [25,26], and finite deformation gradient elastic-
ity [27]. Modified couple stress theory and strain gradient elasticity
are the most commonly used higher-order theories in the analyses
of micro-scale functionally graded components.

There are several articles in the technical literature that present
higher order continuum theory based analysis techniques for
micro-scale FGM plates. Adopting modified couple stress theory,
Kim and Reddy [28] and Thai and Kim [29] developed solutions for
rectangular gradedmicro-plates; and Asghari and Taati [30] treated
the arbitrarily shaped micro-plate problem. Micro-scale axisym-
metric functionally graded plates were considered by Ansari et al.
[17] and Ke et al. [18]. Ansari et al. [17] studied bending, buckling,
and free vibrations of annular and circular micro-plates using
modified strain gradient elasticity, whereas Ke et al. [18] examined
free vibrations of annular plates by employing modified couple
stress theory.

Higher order stresses and strain gradient measures in higher
order continuum theories are related through length scale pa-
rameters. The single length scale parameter in modified couple
stress theory for instance is defined as the ratio of the modulus of
curvature to the shear modulus [31,32], and thus within this
context it is essentially an elastic material property. Since all elastic
properties of a functionally graded structure are expected to
possess spatial variations, the length scale parameter is in general
also a function of the spatial coordinates. Hence, the employed
solution methodology should be able to account for the spatial
variation of the length scale parameter. However, in all studies
mentioned in the foregoing paragraph, length scale parameter is
assumed to be a constant quantity. The only study presenting a
systematic approach in the consideration of the spatial variation of
the length scale parameter is that by Aghazadeh et al. [33], which
treats problems involving functionally graded micro-beams. Yet,
spatial variation of the length scale parameter has not been incor-
porated into the analysis of FGM micro-plates.

The main objective of the present study is to put forth modified
couple stress theory-based modeling and analysis techniques for
functionally graded annular and circular micro-plates, which take
into account the spatial variation of the length scale parameter. Both
static bending and free vibration problems of FGMmicro-plates are
studied to develop the proposed methods. In the formulation,
displacement field is expressed in a certain unified form so as to
generate results for three different plate theories, which are
Kirchhoff plate theory (KPT), Mindlin plate theory (MPT), and third-
order shear deformation theory (TSDT). Governing partial differ-
ential equations and boundary conditions are derived by applying
Hamilton's principle in accordance with modified couple stress
theory. All material properties including the length scale parameter
are assumed to be functions of the thickness coordinate in the
derivations. The equations are solved numerically by means of the
differential quadrature method (DQM). Comparisons of the gener-
ated numerical results to those available in the literature illustrate
the high degree of accuracy attained by the application of the
developed procedures. Further parametric analyses are carried out
to shed light upon the influences of material and geometric pa-
rameters on static deflections and natural frequencies of annular
and circular FGM micro-plates. Numerical results unequivocally
demonstrate that in modeling and analysis of graded micro-

structures, it is necessary to take into consideration the spatial
variation of the length scale parameter.

2. Formulation

In this study, we examine static and dynamic behaviors of
functionally graded annular and circular micro-plates. The geom-
etry of the annular micro-plate is depicted in Fig. 1. Inner and outer
radii are respectively denoted by Ri and Ro. Circular micro-plate has
an identical geometry except for the fact that Ri ¼ 0. The loading
function and the boundary conditions are assumed to be inde-
pendent of q, hence the underlying problems become axisym-
metric. Material properties vary continuously along the z-direction.
Both the annular and the circular micro-plates are 100% metallic at
z ¼ �h/2 and 100% ceramic at z ¼ h/2. According to the modified
couple stress theory [22], strain energy of the plates under
consideration reads:

U ¼ 1
2
∭ V

�
sijεij þmijcij

�
dV ; (1)

where V designates volume; sij represents Cauchy stress; εij is
strain; mij stands for the deviatoric part of the couple stress tensor;
and cij is the symmetric curvature tensor. The tensorial quantities
are expressed in the following form:

sij ¼ 2mεij þ ldijεkk; (2a)

mij ¼ 2ml2cij; (2b)

ε ¼ 1
2

h
Vuþ ðVuÞT

i
; (2c)

c ¼ 1
2

h
Vuþ ðVuÞT

i
: (2d)

In Eq. (2), m and l are Lame parameters, dij is Kronecker delta, l
denotes the length scale parameter, u symbolizes displacement
vector, and u is the rotation vector. m, l, and the rotation vector are
defined by

m ¼ E
2ð1þ nÞ; l ¼ En

ð1þ nÞð1� 2nÞ ; (3a)

Fig. 1. A functionally graded annular micro-plate under the effect of distributed
loading q(r).
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