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a b s t r a c t

We present the analysis of the two-color Self Amplified Spontaneous Emission generated by a Free-
Electron Laser amplifier constituted by two orthogonally polarized undulators with different periods and
field intensities. Equations deduced in a non-averaged and in an averaged model have been integrated
and compared. The two pulses have different frequencies, ruled by proper resonance conditions, and
different polarizations, while the total length of the device does not change noticeably with respect to
usual single color FELs. The wavelengths of two colors can be changed by choosing different periods,
while variation in the magnetic strengths can be used to modify the gain lengths in view of various
applications.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Free Electron Lasers (FELs) sources [1–4] play a key role in
several applications belonging to the most various scientific and
technical fields. Among the different formats in which radiation
can be proposed to users, one of the most required is where the
pulse is composed of two distinct spectral lines with a variable
time delay between them. Matter can be indeed probed on the
atomic scale in space and time [5] by means of two color X-rays,
extending in this way the knowledge about the fundamental
properties of materials and living systems with respect to the
Nobel Prize work on femtochemistry of Zewail [12]. Pairs of
colored X-ray pulses are particularly suitable to perform pump
and probe experiments of structural dynamics, which are designed
to monitor the ultrafast evolution of atomic, electronic and
magnetic structures [6–8]. In pump-probe experiments, the pro-
cess under study – e.g. a chemical reaction, an excitation or a
structural change on the surface of a solid – is activated by means
of a first pulse with a fixed frequency and then, after a delay, a
second one of another frequency, or a sequence of pulses, records
the event. In this way, following its time evolution, information on
pathways, barriers and transition states of the phenomenon can be
accessed. As regards the time scales of the dynamics of these
atomic events, they can range from 10 fs in ultrafast processes as

the dissociative ionization [9], to hundred femtoseconds for less
energetic chemical mechanisms [10,11]. In another important
field, the future color X-ray technology, the color component
contains extra information and allows us to distinguish the
chemical composition of the absorbing tissues [13,14], permitting
the development of the diagnostic clinical imaging.

Experiments on dual frequency production and use have been
recently carried on with FELs [15–21] in many different ways. At
the same time, several promising theoretical proposals aimed to
generate two-color FEL emission in the X-ray wavelength regime
[22–25] have been so far investigated.

The first schemes dated back to more than 20 years ago [26,27],
in a period when the tunability at infrared and visible wavelengths
was a unique feature of the FELs, since optical parametric ampli-
fiers were not yet commercially available. The fact of reusing the
same hardware for generating two frequencies constitutes the
main advantages of a two-color FEL, with respect to two indepen-
dent FEL beamlines, because minimizes the time jitter between
the two pulses. Some of the initially proposed designs were based
on staggered undulator magnets having different strength, to
achieve lasing at two distinct wavelengths [28–31]. This idea has
been recently reconsidered at LCLS and implemented in the X-ray
range. The emittance-spoiler technique with a magnetic chicane in
the undulator section was used to control the pulse duration and
relative delay of a two-color intense X-ray pulse generated by
using two separate canted pole undulators tuned at different
resonances [15]. However, the undulator length is essentially
doubled and saturation is reached at power levels comparable
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with the single color configuration by using a complex scheme.
Another option, recently demonstrated at the FERMI soft X-ray
FEL, involves the use of either a chirped or a two-color seed laser
which initiates the FEL instability at two different wavelengths
within the modulator gain bandwidth [18,17]. The different
approach of injecting in the FEL undulator a multi-energy electron
beam [32] resonating at two different wavelengths permits the
control of the frequency and time separation ranges of the FEL
radiation, while maintaining similar saturated power levels and
minimal undulator length [16,19–21]. In this configuration, the
SASE lasing occurs from separated and nearly independent elec-
tron distributions [33].

In the present paper, we analyze the operation with a further
different scheme: the FEL emission is obtained by assembling in a
unique structure two orthogonally polarized undulators with
different periods and field intensities. In this case, the two
radiations have not only different frequencies, but also different
polarizations, while the total length of the device does not change
substantially with respect to usual single color FELs [34]. Produ-
cing two waves with orthogonal polarizations with comparable
intensities is very important because permits the selective excita-
tion of the molecular fluorescence, opening various possibilities to
control the internal organization and space orientation of mole-
cules. In this way, the techniques based on fluorescence anisotropy
[35] and dichroism [36] could be significantly improved. An
undulator with crossed polarizations in a delta like magnetic
structure has been already constructed and measured [37], and
the extension to the configuration discussed in this paper is in
progress. The wavelengths of two different colors can be changed
by setting different periods, while variations in the magnetic
strengths have the effect of modifying the gain lengths. In the
first two sections, non-averaged FEL equations, similar to those
described in [38] which are at the basis of the code MEDUSA, and
averaged ones [39] have been extended in the case of presence of
detuning and commented upon. Analytical and numerical data are
presented in Section 4. Comments and conclusions close the paper.

2. Model equations in a non-averaged SVEA treatment

The FEL undulator shown in Fig. 1 is composed by two linear
arrays of magnets orthogonally polarized and with periods given
respectively by λ01 and λ02. The undulator magnetic field, in the
paraxial approximation, is described by the following expression:

Bw ¼ �Bw2 sin k02zexþBw1 sin k01zey ð1Þ

where k01;02 ¼ 2π=λ01;02 and K1;2 ¼ jeBw1;2λ1;2=mc2j are the deflect-
ing parameters of the undulators.

2.1. Momentum equation

The complex radiation fields, in terms of the two orthogonal
components, assume the form:

E ¼ ½E1eiðk1z�ω1tÞexþE2eiðk2z�ω2tÞey�

B ¼ �B2eiðk2z�ω2tÞexþB1eiðk1z�ω1tÞey; ð2Þ

while the vector potential may be written as

A ¼ � i½A1eiðk1z�ω1tÞexþA2eiðk2z�ω2tÞey�; ð3Þ

where E1;2, B1;2 and A1;2 are slow complex amplitudes and the two
radiation wavelengths are λ1;2 ¼ 2π=k1;2. The eventual presence of
a frequency detuning δ1;2 for one of the two frequencies or both
leads to the fact that the frequencies ω1;2 can be expressed as
ω1;2 ¼ωR

1;2þδ1;2, with ωR
1;2 the nominal resonance frequency.

The momentum equations for each electron of the beam turn
then out to be

dpxi
dt

¼ eβziBw1 sin k01z�ek1ð1�βziÞ½A1eiα1i þcc� ð4Þ

dpyi
dt

¼ eβziBw2 sin k02z�ek2ð1�βzÞ½A2eiα2i þcc� ð5Þ

dpzi
dt

¼ �eβyiBw2 sin k02z�ek2βyi½A2eiα2i þcc�
�eβxiBw1 sin k01z�ek1βxi½A1eiα1i þcc� ð6Þ

where

α1;2;i ¼ k1;2zi�ω1;2t: ð7Þ
and βx;y;zj ¼ vx;y;zj=c are the normalized velocity components, and cc
represents the complex conjugate.

From Eq. (6) we obtain the following resonance conditions:

λ1;2 ¼
λ01;02
2γ20

ð1þK2
1=2þK2

2=2Þ ð8Þ

with γ0 ¼ 〈γi〉, the average value of the Lorentz factor of the
electrons.

2.2. Field equation

The wave equation can be written as

∂2

∂z2
A� 1

c2
∂2

∂t2
A ¼ �4π

c
J ? : ð9Þ

By expressing the transverse currents in terms of the particle
density n:

Jx;y ¼ �∑ecβx;yjnδðz�zjÞ

¼∑ec
K1;2

γj
cos ðω01;02tÞnδðz�zjÞ ð10Þ

and by using the Slowly Varying Envelope Approximation (SVEA),
we obtain for the two polarizations the following independent
differential equations:

∂
∂z
A1þ

1
c
∂
∂t
A1� i

δ1
c
A1 ¼

2πen
k1

∑βxjδðz�zjÞe� iα1j : ð11Þ

∂
∂z
A2þ

1
c
∂
∂t
A2� i

δ2
c
A2 ¼

2πen
k2

∑βyjδðz�zjÞe� iα2j : ð12Þ

Fig. 1. Geometry of the undulator.
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