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a b s t r a c t

In this paper, we present a fracture model for composite laminates and its numerical solution by using
the Fast Fourier Transforms (FFTs). The FFT-based formulation initially proposed for seeking the average
behaviour of linear and non-linear composites by means of the homogenisation procedures [1,2] was
adapted to evaluate the damage growth in brittle materials. A non-local damage model based on the
maximal principal stress criterion was proposed to assess the failure in the matrix and the fibres. This
non-local model was then connected to the Griffith–Irwin criterion in the aim of predicting crack growth.
In order to assess the matrix/fibre interface delamination, we have adapted the cohesive model devel-
oped by Li [3] for accounting the mixed-mode dependent interface failure. To this end, the interfaces
between the matrix and the fibres are replaced by a thin layer of interphase with the purpose of facili-
tating the FFT simulations. By using the proposed model, we carried out several numerical simulations
on fracture process in different specimens. From these studies, we can conclude that the present FFT-
based analysis is capable to deal with crack initiation and crack growth in composite laminates with high
accuracy and efficiency, especially in the cases of matrix/fibre interface debonding and of multi-crack
growth.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Currently, the carbon fibre reinforced polymer matrix compos-
ite laminates have been increasingly employed in various fields
including the airplane, hoses in fluid transport, electricity systems
or sportive equipments due to their outstanding performance,
combining high stiffness and strength at low density, high-specific
energy absorption, excellent fatigue performance and high corro-
sion resistance. Since the stiffness and strength of an individual
layer are much higher in the fibre direction than in the transverse
direction, an appropriate design associating the physical and
mechanical properties of materials with the geometry shapes is
necessary to profit from the fibre performance.

The stiffness degradation is an important response to the dam-
age and crack evolution of fibre-reinforced composite laminates
under monotone or cyclic loads. The failure mechanisms of these
composites have a complex nature due to their sophisticate micro-
scopic and/or mesoscopic structures. Generally speaking, two prin-

cipal failure mechanisms can be distinguished: the first one is the
bulk damage in the matrix and the fibres and the second is the
interface debonding between them. The most widely used theoret-
ical tools in the assessment of these failure mechanisms are the
fracture mechanics and damage mechanics.

Over the past decades, the continuum damage mechanics [4]
has been widely used to predict the isotropic/anisotropic damage
evolution of composites by introducing a phenomenological dam-
age tensor D relevant to the matrix and fibre failure [5–9]. The
damage/plasticity coupling non-linear models have also been
developed to describe the interactive effect of the plastic deforma-
tion on damage properties [10–12]. Combined to different failure
criteria [13–17] on the initial failure of composite laminates with
fibre principal orientations, the continuum damage mechanics
has proven its efficiency on bulk failure assessment. However,
the numerical application of this approach on interface debonding
between the matrix and fibres is quite difficult due to its small
thickness dimension for which very fine element meshing is
required.

On the other hand, there is an evolving trend to develop energy-
based failure criteria in the frame of fracture mechanics. Particu-
larly, the cohesive zone conception [18,19] was adapted to describe
the crack propagation in composite materials. The delamination
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mechanisms and crack-bridging mechanisms were thoroughly
studied by using the cohesive theory [20–25,3]. These cohesive
fracture criteria gain insight into the microscopic damage evolu-
tion mechanisms of composites. However, numerical convergence
problems may arise from cohesive modelling due to assumed soft-
ening properties which require to be solved appropriately as it is
implemented into a finite element code. This poses a large chal-
lenge to the practical application of the cohesive theory in the
damage evolution modelling of composite laminates.

Even though multiple numerical techniques were proposed in
the literature, the multiscale progressive failure analysis still meets
huge difficulties in incorporating discrete fibre/matrix microscopic
modelling and failure mechanisms into damage and failure proper-
ties of the whole composite laminates. We believe that alternative
methods are useful to enrich the numerical tools in the resolution
of such a complicated problem.

In this paper, we propose a non-local fracture model resolved by
using the FFT (Fast Fourier Transform) method. A macroscopic fail-
ure criterion, in occurrence the maximum stress criterion for sim-
plicity, was used to describe the failure of the matrix and the fibres.
This criterion was connected to the Griffith criterion in order to en-
able it to predict the crack initiation and propagation. A debonding
model established on the basis of the Dugdale cohesive concept [3]
was adapted for describing the matrix/fibre delamination. The
main advantage of the FFT method is its high resolution in discret-
ization of the composite structures such that the matrix/fibre
interface can be modelled by a thin layer of interphase. Conse-
quently, some complicated mechanisms such as the matrix/fibre
debonding, the propagation of multiple cracks or the crack bridg-
ing can directly be simulated.

In this paper, we first recall the FFT-based formulation and the
non-local damage model in Sections 2 and 3. In Sections 4 and 5,
we describe the adaptation of the Griffith criterion to bulk damage
and to interface debonding criteria via the non-local approach.
After a short explanation of the numerical algorithm in Section 6,
we present in Section 7 several numerical simulations in which
the accuracy and the efficiency of the proposed method were
examined. Some concluding remarks are given in Section 8.

2. The FFT-based formulation

The damage states that develop in brittle or quasi-brittle mate-
rials can be evaluated using an extension of an iterative method on
the basis of Fast Fourier Transforms (FFT), originally proposed by
Moulinec and Suquet [1,2] and Michel et al. [26] for homogenising
linear and non-linear composites. The FFT-based formulation for a
periodic heterogeneous cell with damage can straightforwardly be
written according to the original FFT scheme. By omitting the rigid
body motion, the displacement in a periodic cell is split into two
parts:

uðxÞ ¼ u � ðxÞ þ E � x ð1Þ

where x denotes the Cartesian coordinates originated at the geo-
metrical centre of the cell; u�(x) is the periodically oscillatory part
of the displacement with

R
X u � ðxÞdV ¼ 0; E is the average strain

tensor. In the case when the damage field can be expressed by a sca-
lar variable D(x) e [0,1], the problem of elasticity for an inhomoge-
neous elastic composite under periodic boundary conditions writes:

rðxÞ ¼ ½1� DðxÞ þ k0�CðxÞ : ½eðu � ðxÞÞ þ E�
divrðxÞ ¼ 0
u � ðxÞ is periodic 8x 2 X;r:n is anti� periodic 8x 2 @X

ð2Þ

where r is the Cauchy stress field; e(u�) is the fluctuation term of
the strain field in X and satisfies

R
X eðu � ðxÞÞdV ¼ 0; the damage

field D(x) and the stiffness tensor C(x) are also periodic; k0 is a

parameter of very small value, it ensures the existence and unique-
ness of the numerical solution; n is the unit outward vector of the
cell boundary. This local problem can be resolved by introducing
a polarisation stress field s(x),

rðxÞ ¼ Cr : eðu�Þ þ sðxÞ ð3Þ

with Cr being the stiffness of a homogeneous reference material and

sðxÞ ¼ ð1� Dþ k0ÞC : ½eðu�Þ þ E� � Cr : eðu�Þ ð4Þ

The solution of (2) can be expressed by means of the periodic
Green operator C associated with Cr, namely

eðxÞ ¼ �
Z

X
Cðx� yÞ : sðyÞdy ð5Þ

By performing the Fourier transformation, this convolution
integral is transformed into a direct tensor product:

êðnÞ ¼ �bCðnÞ : ŝðnÞ 8n–0 êð0Þ ¼ E ð6Þ

where ê, ŝ and bC are respectively the Fourier transforms of e, s andbC, n denotes the frequencies in Fourier space. When the reference
material is isotropic with the Lamé coefficients kr and lr, the Green
operator bC takes the form:

Ĉijkl ¼
1

4lr jnj2
dkinknl þ dlinknj þ dkjnlni þ dljnkni

� �
� kr þ lrð Þ

lr kr þ 2lrð Þ
ninjnknl

jnj4
ð7Þ

The anti-transforming of (6) gives the strain field of the
problem. However, since the polarisation stress field is a priori
unknown for a damaged heterogeneous material, iterative proce-
dure has to be used to obtain a compatible strain field and then
a stress field in equilibrium.

In the present work, only the plane problems are considered.
For plane strain, all the precedent formulas are directly valid for
bi-dimensional simulations. For plane stress, the same equations
in plane strain can be kept if the Lamé coefficient k is replaced
by k 2l

kþ2l .

3. Non-local damage model

Numerous continuum damage models exist in the literature to
describe the progressive degradation of materials. The accuracy of
the classical damage models often depend on the finite element
discretization in their numerical implementation. In order to over-
come this shortcoming, various regularization methods have been
proposed. Among these methods, the so-called non-local ap-
proaches are widely used. The basic idea of this approach consists
in replacing the local damage driving force, an effective stress re

for example, by its weighted average over a representative volume
V [27]:

~reðxÞ ¼
1R

V a x� yð Þdy

Z
V
aðx� yÞreðyÞdy ð8Þ

In the literature, a is often taken as the Gaussian function. In the
present work, a cone-shape weighting function is used in the place
of the Gaussian function for its periodic feature required in FFT cal-
culations. This function writes:

aðrÞ ¼
0 r > R

1� r
R r 6 R

(
ð9Þ

where r ¼ kx� yk; R is the radius of non-local action, representing a
material characteristic length which defines the size of interaction
zone for failure processes.
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