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Abstract

We present the newest results for the determination of heavy-quark masses from low-energy moments of the vacuum
polarization function. The results presented here update an earlier determination of the quark masses and incorporate
new theoretical calculations of the low-energy moments of the vacuum polarization and new experimental data at the

bottom threshold.
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1. Introduction

The precise determination of charm and bottom quark
masses has always been an important task both for the-
ory and experiment. The most precise values have been
obtained [1] from an analysis of the ITEP sum rules
[2] (for reviews see Refs. [3—5]), combining data for
the heavy-quark production cross section in electron-
positron collision with dispersion relations and a four-
loop evaluation of the vacuum polarization induced by
the heavy quark current. In this contribution, we sum-
marize the most recent progress, which includes data
recently published by the BABAR collaboration [6] and
new perturbative results.

2. Analytic Results

The determination of the heavy quark masses in [1]
follows closely Refs. [7-9]. It is based on the direct
comparison of the theoretical and experimental eval-
uations of the contributions to the derivatives of the
polarization function HQ(qz), the former evaluated in
perturbative QCD, the latter through moments of the
measured cross section for heavy-quark production in
electron-positron annihilation. Using dispersion rela-
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tions, the moments of Ry !,

d
M= [ SRoo), n

can be related to the derivatives of the vacuum polariza-
tion function at ¢> = 0,
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In its domain of analyticity I1p(g?) can be cast into the
form
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with z = q2/(4m2Q). Here mg = mo(u) is the heavy
quark mass with charge Qp in the MS scheme at the
scale u. The coefficients C, depend on «; and on
the heavy quark mass through logarithms of the form
Ing = ln(sz(,u)/,uz). Equating theoretically calculated
and experimentally measured moments, the heavy quark
mass is given by
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IFor the precise definition of Ry, in particular the treatment of
gluon splitting into QQ, the subtraction of singlet contributions, and
the role of nonperturbative terms in the case of charm quarks we refer
to Ref. [7].
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charm  -5.6404 -3.4937 -2.8395 -3.349(11)

bottom  -7.7624  -2.6438 -1.1745  -1.386(10)

Table 1: Lowest four expansion coefficients C’LSO) for charm and bot-
tom quarks. The first three coefficients are known analytically, the
next is known with good accuracy from a Padé approximation [19].

~(3) ~(3) ~(3)

C, C Ce
Hoang et al -42+12 -50x17 -53+20
Greynat, Peris -3.6+05 -44+12 -47+1.8
Kiyo et al -3.349(11) -3.737(32) -3.735(61)

Table 2: Comparison of different estimates for the low-energy expan-
sion coefficients C?.

As a perturbative series the coefficients C, can be writ-
ten as
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The terms of order a? were evaluated up to n = 8 in
Refs. [10-12] and even up to n=30 in Refs. [13, 14].
The four-loop contributions to Cy and C, were calcu-
lated in Refs. [15, 16]. For the higher moments the
analysis of [7] was based on estimates for C_'§,3O) with
n = 2, 3, 4, which lead to an additional uncertainty in
the mass determination. Recently, the exact results for
the second [17] and third [18] moments were obtained.
Combining these coefficients with additional informa-
tion on the threshold and the high-energy behaviour and
using the analyticity of Ilp(¢*) and Padé approxima-
tions, fairly precise numerical results were obtained [19]
for the higher coefficients up to n = 10. (For an ear-
lier analysis along similar lines see Ref. [20].) For the
lowest four moments the four-loop coefficients P are
listed in Tab. 1 both for the charm and the bottom quark.
Using a different approach based on threshold resum-
mation the low-energy expansion coefficients have also
been estimated in [21]. All determinations agree within
the error, with [19] giving the smallest errors. A com-
parison between the works is shown in Tab. 2. It should
be emphasized that these results are well within the es-
timates used in the analysis of [7].  The impact of
these new results on the quark mass determination will
be shown below.

3. Bottom Production Close to Threshold

The determination of the bottom quark mass, as per-
formed in [7, 8] relies heavily on the precise measure-
ment of R = o(e*e” — hadrons)/op (With o7y = 4’3er s
which enters the moments as defined above. Specifi-
cally, it is the contribution from the heavy quark cur-
rent denoted as R, with the light-quark contribution sub-
tracted. It is convenient to split the integration region
into three pieces: The lowest region covering the nar-
row resonances, an intermediate “threshold” region be-
tween 10.62 GeV and 11.24 GeV, and the perturbative
region above 11.24 GeV, where the measurement is re-
placed by the perturbative QCD prediction. The choice
of 11.24 GeV corresponds to the upper end of the en-
ergy range covered by a CLEO measurement more than
20 years ago [22]. It also coincides approximately with
the energy reach of a recent BABAR measurement [6].
In the analysis of [7], T(4S) with its mass Myus) =
10.5794(12) GeV and width T'yygsy = 20.5 MeV has
been considered together with the three lower, narrow
resonances and thus the continuum part of the bottom
cross section was taken from 10.62 GeV upwards. Until
recently the only measurement in the threshold region
has been the one from the CLEO collaboration, which
quotes a systematic error of about 6%. No radiative cor-
rections had been applied. In Ref. [7] it has been ar-
gued, that a normalization factor 1/1.28 is necessary to
reconcile these data with more recent and more precise
CLEO results below the Y'(4S5)-resonance and with per-
turbative QCD at the high end. These “rescaled” data
were the basis of the subsequent extraction of the bot-
tom quark mass. However, in view of these uncertain-
ties an overall systematic error of 10% was attributed to
the contribution of the moments from this region. Thus,
although this contribution to the moments is relatively
small, its impact on the error was larger or equal than
the one from the other two regions combined.

Recently a measurement of R, in the energy region
between 10.54 GeV and 11.20 GeV was performed by
the BABAR collaboration with significantly improved
statistics and with a correlated systematic error between
2.5% and 3% [6]. This allows an independent determi-
nation of the contribution to the moments with signifi-
cantly reduced systematic error. However, no radiative
corrections were applied to the published data and the
radiative tails of the four lower T resonances were in-
cluded in the quantity denoted R;. Therefore, the data
has to be corrected for these effects. The details of this
procedure can be found in [1].
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