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A stochastic approach based on four-dimensional Langevin equations has been used to estimate the 
fission probability, the mean kinetic energy of fission fragments, the mean prompt neutron multiplicity, 
the average pre-scission neutron multiplicity and the mass distribution of fission fragments for the 
compound nucleus 238Np produced in neutron induced reaction at low excitation energy. Three collective 
shape coordinates plus the projection of total spin of the compound nucleus to the symmetry axis, K , 
were considered in the four-dimensional dynamical model. In the dynamical calculations, dissipation 
was generated through the chaos weighted wall and window friction formula and dissipation coefficient 
of K , γK , considered as a non-constant parameter. Comparison of the theoretical results with the 
above mentioned experimental data showed that different features of fission of the excited compound 
uncles 238Np at low excitation energy can be satisfactorily reproduced by the four dimensional Langevin 
equations.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Although the phenomenon of nuclear fission has been discov-
ered since about eighty years back, [1], the study of fission is still 
of general interest. Fission may take place in any of the heavy 
nuclei after capture of a neutron. However, thermal neutrons are 
able to cause fission only in some isotopes of transuranic elements 
whose nuclei contain odd numbers of neutrons, for example 233U, 
235U and 239Pu. For nuclei containing an even number of neutrons, 
fission can only occur if the incident neutrons have energy above 
about one million electron volts. Statistical and dynamical descrip-
tions of the fission process are often used to explain different 
fission characteristics (see for example [2–23]). Many authors for 
description of different features of fission process in statistical or 
dynamical models assumed that compound nuclei have zero spin 
about the symmetry axis, where this assumption is not correct as 
first pointed out by Lestone in Ref. [24]. The authors in Ref. [25]
also stressed that a large volume of heavy-ion-induced fission data 
needs to be reanalyzed with considering the effect of the orienta-
tion degree of freedom. Recently, a three dimensional (3D) dynam-
ical model based on Langevin equations has been used to calculate 
mass distributions of fission fragments for some isotopes of U and 
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Pu at low excitation energies [26]. In the present investigation, we 
use the four dimensional (4D) dynamical model based on Langevin 
equations to simulate the dynamics of nuclear fission of the ex-
cited compound nucleus 238Np produced in neutron induced reac-
tion at low excitation energy. In the 4D dynamical model, we use 
three collective shape coordinates {c, h, α} plus the projection of 
total spin of the compound nucleus to the symmetry axis, K , to re-
produce the experimental data on the fission probability, the mean 
kinetic energy of fission fragments, the mean prompt neutron mul-
tiplicity, the average pre-scission neutron multiplicity and the mass 
distribution of fission fragments for the compound nucleus 238Np. 
It should be mentioned that recently Randrup, Moller and Sierk 
published a paper [27] and investigated fission-fragment mass dis-
tributions for strongly damped shape evolution. These authors in 
their calculations for description of fission process of nuclei used 
parameters elongation, asymmetry, neck and quadrupole deforma-
tion of each fragment. Although, they do not account the orienta-
tion degree of freedom of the K coordinate in their calculations. 
Furthermore, Scamps and Simenel in Ref. [28] go one step fur-
ther by predicting that the octupole deformation of the fragments 
plays a major role. These authors in Ref. [28] by considering pa-
rameters elongation, asymmetry, neck and quadrupole deformation 
of each fragment and by using the time-dependent Hartree–Fock 
microscopic calculations with dynamical pairing correlations com-
puted expectation values of proton and neutron numbers in the 
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fission fragments, their total kinetic energy, and their octupole and 
quadrupole deformations for a series of actinides.

In the present research, we assume that the scission condition 
corresponds to the shapes of the fissioning nucleus with a finite 
neck radius with 0.3R0 on the average [29] (R0 is the radius of 
the spherical nucleus). It should be mentioned that different scis-
sion criteria widely used in simulation of fission of the excited 
compound nuclei. Some of these are zero-neck-radius R N = 0 [30], 
finite-neck-radius R N = 0.3R0 [29] and a probabilistic scission cri-
terion [31]. All of these scission criteria result in a good description 
of experimental data of the first, second, third and fourth mo-
ments of the energy distribution [32]. It should be stressed that 
zero-neck-radius scission, R N = 0 widely used in theoretical cal-
culations of the fission process of the excited compound nuclei. 
Although this scission condition is consistent only with the liquid 
drop model (LDM) with a sharp nuclear surface. It is unsatisfac-
tory [33] because the description of a nucleus in the LDM loses 
meaning when the radius of the neck becomes comparable with 
the distance between the nucleons [33]. Nevertheless, this scis-
sion criterion was used in many papers and provided a quite good 
description of the parameters of the mass energy distribution of 
fission fragments. Another acceptable and physically reasonable 
scission criterion is based on the equality of the Coulomb repul-
sion and nuclear attraction forces between future fragments. It 
was shown in Ref. [34] that this scission criterion leads to scis-
sion configurations that have a finite neck radius R N ∼= 0.2R0 for 
nuclei with z2/A1/3 ∼= 500 and a neck radius R N ∼= 0.3R0 for nu-
clei with z2/A1/3 ∼= 2000. Furthermore, in a random neck rupture 
model Brosa with co-workers [35,36] have used the criterion of 
hydrodynamic instability of the neck against rupture. It leads to 
scission configurations with a finite neck radius R N ∼= 0.3 − 0.4R0.

The present paper has been arranged as follows. In Sec. 2, we 
describe the models and basic equations. The results of calcula-
tions are presented in Sec. 3. Finally, the concluding remarks are 
given in Sec. 4.

2. Details of the model and basic equations

In the dynamical calculations, we use the “funny hills” {c, h, α}
parametrization [33]. In the “funny hills” parameterization c de-
notes the elongation parameter, parameter h describes the vari-
ation in the thickness of the neck for a given elongation of the 
nucleus and the parameter of the mass asymmetry α determines 
the ratio of the volumes of the future fission fragments. It should 
be mentioned that the large variety of shapes that a nucleus may 
take along its path to fission can be described by this parametriza-
tion. Another choices of coordinates were also applied in other 
multi-dimensional Langevin models [5,21,26]. In cylindrical coor-
dinates the surface of the nucleus can be calculated by:

ρ2
s (z) =

{
(c2 − z2)(As + Bz2/c2 + αz/c), B ≥ 0,

(c2 − z2)(As + αz/c)exp(Bcz2), B < 0,
(1)

where ρs is the radial coordinate of the nuclear surface and z is 
the coordinate along the symmetry axis. In Eq. (1) the quantities 
As and B can be calculated by:
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where erf (x) is the error function.

The dynamics associated with the fission degree of freedom 
usually can be considered to be similar to that of a Brownian par-
ticle floating in a viscous heat bath. The heat bath in this picture 
represents all the other nuclear degrees of freedom, which are as-
sumed to be in thermal equilibrium. In our calculations, we use 
the coupled Langevin equations for description of the dynamics of 
the collective coordinates
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where qi and pi are the collective coordinates and momenta conju-
gate to them, γi j is the friction tensor, mij (‖μi j‖ = ‖mij‖−1) is the 
tensor of inertia, θi jξ j is a random force, θi j is its amplitude and ξ j

is a random variable that possesses the following statistical prop-
erties 〈ξi〉 = 0 and 〈ξi(t1)ξ j(t2)〉 = 2δi jδ(t1 − t2). The superscript n
in Eq. (4) shows that the corresponding quantity is calculated at 
the instant tn = nτ , where τ is the time step of integration of 
the Langevin equations. Q i is a conservative force and can be 
given by the Helmholtz free energy Q i(q, I, K ) = −(∂ F/∂qi)T . The 
Helmholtz free energy can be determined in terms of potential en-
ergy and level density parameter as follows

F (q, I, K ) = V (q, I, K ) − a(q)T 2. (5)

In the Fermi gas model the conservation force is given by

Q i(q, I, K ) = −∂V (q, I, K )/∂qi + T 2∂a(q)/∂qi, (6)

where the deformation dependence of the level density param-
eter [37] can be expressed by a(q) = 0.073A + 0.095A2/3 Bs(q). 
During a random walk along the Langevin trajectory, conservation 
of energy is satisfied by

E∗ = Eint(t) + Ecoll(q, p) + V (q, I, K ) + Eevap(t), (7)

where Eint is the intrinsic excitation energy of the nucleus, Ecoll =
0.5μi j(q)pi p j is the kinetic energy of the collective motion of the 
nucleus, V (q, I, K ) is the potential energy of the compound nu-
cleus, Eevap(t) is the energy carried away by evaporated particles 
by time t and E∗ is the total excitation energy of the compound 
nucleus. At low excitation energy the potential energy can be cal-
culated on the basis of the liquid drop model with a finite range 
of nuclear forces [38,39] and by considering shell correction as fol-
lows

V (q, I, K , T ) = V SH(q, T ) + V LDM(q) + Erot

= V SH(q, T ) + (
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)
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+ (
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E0

c (A, Z) + h̄2 I(I + 1)
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2 Jeff (q)
,

(8)

where Bs(q) and Bc(q) are surface and Coulomb energy terms, re-
spectively. Bs(q) and Bc(q) can be calculated as Ref. [38]. E0

s and 
E0

c are the surface and Coulomb energies of a spherical nucleus, 
respectively. Erot is the rotational energy, I is the spin of a com-
pound nucleus and K is the projection of I on the symmetry axis 
of the nucleus. J‖ and J⊥ are the rigid body moments of iner-
tia about and perpendicular to the symmetry axis and J eff is the 
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