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The paper at hand studies the heat engine provided by black holes in the presence of massive gravity. 
The main motivation is to investigate the effects of massive gravity on different properties of the heat 
engine. It will be shown that massive gravity parameters modify the efficiency of engine on a significant 
level. Furthermore, it will be shown that it is possible to have a heat engine for non-spherical black holes 
in massive gravity, and therefore, we will study the effects of horizon topology on the properties of heat 
engine. Surprisingly, it will be shown that the highest efficiency for the heat engine belongs to black 
holes with the hyperbolic horizon, while the lowest one belongs to the spherical black holes.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Einstein’s General Relativity (henceforth GR) is one of the suc-
cessful theories for describing gravity since it has been introduced. 
This theory has some interesting predictions, such as the exis-
tence of gravitational waves which recently were detected by the 
advanced LIGO [1]. Despite its success, there are some phenom-
ena which GR cannot explain precisely. For example, we refer the 
reader to the current accelerated expansion of the universe. In ad-
dition, this theory predicts the existence of massless spin-2 gravi-
tons in which they have two degrees of freedom. However, there 
have been some arguments regarding the possibility of the exis-
tence of massive spin-2 gravitons, such as the hierarchy problem 
and also brane-world gravity solutions (see Refs. [2] for more de-
tails). These studies show that despite its correctness, GR is not 
a complete theory of gravitation. On the other hand, regarding the 
massive gravitons lead to some interesting properties in various as-
pects of gravity. One of them is that this theory and its extensions 
could explain the accelerated expansion of the universe without 
considering the dark energy [3,4]. Also, the graviton could behave 
like a lattice excitation and exhibits a Drude peak in this theory 
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of gravity. It is notable that, current experimental data from the 
observations of gravitational waves by advanced LIGO require the 
mass of graviton to be smaller than the inverse period of orbital 
motion of the binary system, that is m = 1.2 × 10−22ev/c2 [1].

Historically speaking, Fierz and Pauli were the first ones to in-
troduce a massive theory of gravity in a flat background (FP the-
ory) [5]. The problem with this theory was the fact that it suffers 
from vDVZ (van Dam–Veltman–Zakharov) discontinuity. Indeed, FP 
theory had an important problem which is related to the fact that 
this theory could not recover GR. In other words, FP theory leads 
to physical predictions so different from those of GR, such as cal-
culating the bending of light around the Sun. The obtained results 
of light bending around the Sun is only 75% of the obtained re-
sult from GR. To resolve this problem, Vainshtein introduced his 
well-known mechanism requiring the theory being considered in 
a nonlinear framework. He showed that the solutions of the lin-
earized nonlinear FP theory were only valid at distances larger 
than a length scale, the Vainshtein radius R V , which goes to infin-
ity when m → 0. Also, he showed that there exists a well-behaved 
expansion valid at distances smaller than R V . More investigations 
on the Vainshtein mechanism in order to couple and recovery 
of GR in massive gravity have been done in Refs. [6]. Although 
Vainshtein mechanism was a solution to vDVZ discontinuity, it 
was shown that FP theory encounters yet another profound prob-
lem known as Boulware–Deser ghost [7] which signals instability 
in the theory of interest. In order to avoid such instability, sev-

https://doi.org/10.1016/j.physletb.2018.03.072
0370-2693/© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.

https://doi.org/10.1016/j.physletb.2018.03.072
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:hendi@shirazu.ac.ir
mailto:behzad.eslampanah@gmail.com
mailto:shahram.panahiyan@uni-jena.de
mailto:hangliu@mail.nankai.edu.cn
mailto:xhm@nankai.edu.cn
https://doi.org/10.1016/j.physletb.2018.03.072
http://creativecommons.org/licenses/by/4.0/


JID:PLB AID:33688 /SCO Doctopic: Theory [m5Gv1.3; v1.235; Prn:29/03/2018; 15:32] P.2 (1-8)

2 S.H. Hendi et al. / Physics Letters B ••• (••••) •••–•••

1 66

2 67

3 68

4 69

5 70

6 71

7 72

8 73

9 74

10 75

11 76

12 77

13 78

14 79

15 80

16 81

17 82

18 83

19 84

20 85

21 86

22 87

23 88

24 89

25 90

26 91

27 92

28 93

29 94

30 95

31 96

32 97

33 98

34 99

35 100

36 101

37 102

38 103

39 104

40 105

41 106

42 107

43 108

44 109

45 110

46 111

47 112

48 113

49 114

50 115

51 116

52 117

53 118

54 119

55 120

56 121

57 122

58 123

59 124

60 125

61 126

62 127

63 128

64 129

65 130

eral models of massive theory are introduced [8,9]. For example, 
Bergshoeff, Hohm and Townsend proposed one of the interesting 
models of massive theories in three dimensional spacetime which 
is known as new massive gravity [8]. This theory of massive grav-
ity and its interesting properties have been investigated in litera-
ture [10–13]. However, this theory has some problems in higher 
dimensions. Another interesting class of massive gravity was intro-
duced by de Rham, Gabadadze and Tolley (dRGT) [14]. This theory 
is valid in higher dimensions as well. It is notable that the mass 
terms in dRGT theory are produced by consideration of a refer-
ence metric. The stability of this massive theory was studied and it 
was shown that this theory enjoys the absence of Boulware–Deser 
ghost [15]. Black hole solutions and their thermodynamical proper-
ties with considering dRGT massive gravity have been investigated 
in Refs. [16–18]. From the perspective of astrophysics, Katsuragawa 
et al. in Ref. [19], studied the neutron star in the context of this 
theory and showed that, the massive gravity leads to small devi-
ation from the GR. In the cosmological context, phantom crossing 
and quintessence limit [20], bounce and cyclic cosmology [21], cos-
mological behavior [22], and other properties of this gravity have 
been studied by some authors [23–25].

Modification in the reference metric in dRGT theory provides 
the possibility of introduction of different classes of dRGT like mas-
sive theories. Among them, one can point out the one introduced 
by Vegh which has applications in gauge/gravity duality [26]. This 
theory is similar to dRGT theory with a difference that its ref-
erence metric is a singular one. Considering this theory of mas-
sive gravity, Vegh in Ref. [26], showed that graviton may behave 
like a lattice and exhibits a Drude peak. Also, it was pointed out 
that for arbitrary singular metric, this theory of massive gravity 
is ghost-free and stable [27]. Using this massive theory of grav-
ity, different classes of the charged black hole solutions have been 
studied in Refs. [28–31]. In addition, the existence of van der Waals 
like behavior in extended phase space has been investigated in 
Refs. [28,32–35]. Holographic superconductivity in this model of 
massive gravity has been explored in Refs. [36–38]. Moreover, mag-
netic solutions of such theory have been addressed in Ref. [39]. 
From the astrophysical point of view, the hydrostatic equilibrium 
equation of the neutron stars by considering this theory of mas-
sive gravity was obtained in Ref. [40], and it was shown that the 
maximum mass of neutron stars can be about 3.8M� (where M�
is mass of the Sun).

Among the other achievements of the massive theory of grav-
ity, one can point out the following ones: i) The cosmological 
constant could be realized by massive terms without the need 
of introduction of cosmological constant into the action [41–43]. 
ii) Addressing the acceleration expansion of the universe without 
the cosmological constant and through the properties of massive 
gravity [44]. iii) In large scale, the effects of massive gravity could 
allow the universe to accelerate while in the small scale, the ef-
fects are not on a significant level and GR is dominant. This pro-
vides a better coincidence with experimental observations [45,46]. 
iv) The massive gravity provides additional polarization for gravi-
tational waves which modifies its speed of propagation [47]. This 
indicates that there will be a modification in the production of 
gravitational waves during inflation as well [48,49]. v) The maxi-
mum mass of neutron stars in massive gravity can be more than 
3.2M� [40] (3.2M� is the maximum mass of a neutron star in GR 
[50]).

Here, we consider the Vegh’s approach for the massive grav-
ity. The action of d-dimensional Einstein-massive gravity with the 
negative cosmological constant in the presence of Maxwell source 
is

I = − 1

16π

∫
ddx

√−g

[
R − 2� + L (F ) + m2

4∑
i

ciUi (g, f )

]
,

(1)

where � = − (d−1)(d−2)

2l2
is the negative cosmological constant, R is 

the scalar curvature and f is a fixed symmetric tensor. In Eq. (1), 
ci are constants and Ui ’s are symmetric polynomials of the eigen-
values of the d × d matrix K μ

ν = √
gμα fαν which can be written 

as

U1 = [K ] , U2 = [K ]2 −
[

K 2
]
,

U3 = [K ]3 − 3 [K ]
[

K 2
]
+ 2

[
K 3

]
U4 = [K ]4 − 6

[
K 2

]
[K ]2 + 8

[
K 3

]
[K ] + 3

[
K 2

]2 − 6
[

K 4
]
. (2)

Here, we want to study Maxwell electrodynamics, so the func-
tion L(F ) is

L (F ) = −F , (3)

where F = Fμν F μν (in which Fμν = ∂μ Aν − ∂ν Aμ) is the elec-
tromagnetic field tensor. Also, Aμ is the gauge potential. Variation 
of the action (1) with respect to the metric tensor (gμν ) and the 
electromagnetic field tensor (Fμν ), lead to

Gμν + �gμν + 1

2
gμν F − 2Fμλ F λ

ν + m2 Xμν = 0, (4)

∂μ

(√−g F μν
) = 0, (5)

where Gμν is the Einstein tensor and Xμν is the massive term 
with the following form

Xμν = − c1

2

(
U1 gμν − Kμν

) − c2

2

(
U2 gμν − 2U1 Kμν + 2K 2

μν

)
− c3

2

(
U3 gμν − 3U2 Kμν + 6U1 K 2

μν − 6K 3
μν

)
− c4

2

(
U4 gμν − 4U3 Kμν + 12U2 K 2

μν

− 24U1 K 3
μν + 24K 4

μν

)
. (6)

Black hole thermodynamics has been studied widely and in-
tensively for a long time ever since the seminal work done by 
Hawking et al. [51]. The amazing discovery of the thermodynam-
ical properties of black holes helped us to have a deeper under-
standing of gravity and realize that the gravitational systems have 
some profound relations to thermodynamical systems. The con-
cept of extended phase space was proposed [52,53] by regarding 
the cosmological constant � as thermodynamic pressure P and its 
conjugate quantity as thermodynamic volume V , as

M = H = U + P V , P = − �

8π
= 3

8π�2
, V = ∂M

∂ P

∣∣∣
S,Q

,

	 = ∂M

∂ Q

∣∣∣
S,P

, S =
r+∫

0

T −1
(

∂M

∂r

)
Q ,P

dr, (7)

where Q is the electric charge and 	 is its conjugate electric po-
tential, S and T stand for the entropy and Hawking temperature 
on event horizon r+ , respectively. The new first law of black hole 
thermodynamics in the extended phase space is written as

dM = T dS + V dP + 	dQ + 
d J , (8)
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