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We show that in any spacetime dimension D > 4, degenerate components of the event horizon do not
exist in static vacuum configurations with positive cosmological constant. We also show that without
a cosmological constant asymptotically flat solutions cannot possess a degenerate horizon component.
Several independent proofs are presented. One proof follows easily from differential geometry in the
near-horizon limit, while others use Bakry-Emery-Ricci bounds for static Einstein manifolds.
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1. Introduction and main results

In the classical proof of static vacuum black hole uniqueness,
the last case to be considered was that in which degenerate com-
ponents of the event horizon were present. As was shown in [3,4],
such black hole configurations cannot occur. This result applies
to the 4-dimensional setting with vanishing cosmological constant
A =0. The authors in [4] also obtained certain restrictions in the
higher dimensional setting and in the presence of a nonzero cos-
mological constant, but were ultimately unable to extend their
result to these situations. The purpose of the present paper is to
do just that for A > 0. The main result is as follows.

Theorem 1.

(i) There do not exist static vacuum black holes having a degenerate
horizon component in the presence of a positive cosmological con-
stant A > 0.

(ii) A complete solution of the static vacuum equations with A = 0 can
have no more than one connected component of a degenerate hori-
zon.

(iii) A solution of the static vacuum equations with A = 0 and having
an asymptotically flat end' cannot have a degenerate horizon com-
ponent.

E-mail addresses: khuri@math.sunysb.edu (M. Khuri), ewoolgar@ualberta.ca
(E. Woolgar).
! This refers to the standard notion of asymptotic flatness within the black hole
uniqueness context, see e.g. [7].
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An immediate consequence of part (iii) is a generalized version
of the classical static black hole uniqueness result. In dimensions
D > 4 the uniqueness proofs [6-8] rely on the positive mass theo-
rem and require all horizon components to be nondegenerate. Here
we have shown that degenerate components do not exist, which
when combined with [6-8] leads to the following statement.

Theorem 2. In any dimension D > 4, an asymptotically flat static vac-
uum black hole is isometric to a Schwarzschild-Tangherlini solution.

Let (M", g) be a Riemannian manifold of dimension n > 3 on
which a function ¢ is defined. Consider the associated static space-
time (R x M", G) where the spacetime metric takes the form

G=—e2dt* +g. (1.1)

It is assumed that the lapse function is positive on M" (hence we
write it as e¥), and vanishes on the topological boundary dM" =
M \ M™ which itself should be a compact smooth manifold. The
vacuum Einstein equations

Ric(G) — %R(G)G +AG=0, (1.2)

are equivalent to the following set of equations on M"

. 2A
Ric(g) + Hessgp —dp @ dp = n—g,

-1
2A

Agp — |d§0|§ “n_1

(1.3)
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The second equation carries little independent information, and is
only slightly more than an integrability condition for the first. The
first equation together with the twice contracted second Bianchi
identity shows that

2A
Agp — |dol; = T Ce*, (14)

where C is a constant. The second equation of (1.3) is recovered in
the case that C =0.

Recall that a Killing horizon is a null hypersurface defined by
the vanishing in norm of a Killing field V, which is normal to the
horizon. In the static case above V = 9; and the Killing horizon
corresponds to R x dM™". Killing horizons come naturally equipped
with a notion of surface gravity «, defined through the equation

dV>=—-2«V. (1.5)

A component of the horizon is referred to as degenerate (or ex-
treme) if its surface gravity vanishes x =0.

An important observation is that the static vacuum equations
can be expressed in terms of the N-Bakry-Emery-Ricci tensor

Ricg(g) :=Ric(g) + Hessgp — ﬁd(p Rdy . (1.6)
In general N may take values in the compactified real line, where
the last term in (1.6) is removed when N = +oo. When N is
an integer and greater than n, this expression arises when an
N-dimensional metric splits as a warped product over (M", g). The
N-dimensional Ricci tensor splits and its projection onto the base
yields Ricj}. Specifically, if M" x FN=" has metric

G=gude /N Mgz ¢9:M->R, (1.7)

then (since gy is independent of F and gr is independent of M)

1
Ric(G) = [RiC(gM) + Hessg,, ¢ — md(p ® d(p} ® [Ric(g;)

1

1 0w ~ dor?
MCEDN 2 (Seue 'd‘”'gM)]

= Ricg (gm) ® [Ric(gf)

1

o~ 2¢/(N-n) _ 2
+(N_n)e gf(Agmrp quolgm)]

(1.8)

The term synthetic dimension for N arises since, in this context,
N is the dimension of the total space. Note that the leaves M"
lie in M™ x FN=" as totally geodesic submanifolds (i.e., having
vanishing second fundamental form). If F is 1-dimensional then
Ric(gr) =0, N=n+ 1, and equation (1.2), written in the form
Ric(G) = (NZTZ)AG, splits into equations (1.3). Thus the first static
vacuum equation in (1.3) may be rewritten as

2A
(n—=1)

Metrics which satisfy this relation are referred to as quasi-
Einstein [2]. It turns out that many of the basic Ricci curvature
results of Riemannian geometry are known to hold as well for the
Bakry-Emery-Ricci curvature. In particular we will exploit Bakry-
Emery versions of Myers’ Theorem, the Splitting Theorem, and
arguments used in the proof of Synge's Theorem [12]. It is the
purpose of this paper to introduce these techniques into the study

Ricy™(g) =

2. (1.9)

of static black hole uniqueness, and thereby establish Theorem 1.
More precisely, Myers’ Theorem and the Splitting Theorem will
yield special cases of Theorem 1 in Section 3, and in Section 4 the
Synge type methods will produce a full proof. Section 2 is ded-
icated to recording technical results concerning degenerate hori-
zons for use in later sections. We note that the theory associated
with Bakry-Emery-Ricci curvature has previously been applied to
study static solutions of the Einstein equations which are geodesi-
cally complete, in [1,14,15].
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2. Degenerate components of the horizon
2.1. Degenerate horizons as asymptotic ends

Consider a degenerate component of the Killing horizon in a
static black hole spacetime. A key prerequisite for application of
the Riemannian geometric techniques mentioned in the introduc-
tion, is the fact that within time-symmetric slices such degenerate
components lie infinitely far away from any other point. This has
been shown in [3], although here we offer a simple proof using
Gaussian null coordinates [10]. These coordinates may be intro-
duced near a degenerate horizon, and give the following form of
the spacetime metric

1
G =2dv (dr + ErzF(r, X)dv + rha(r, x)dx“) + hap (r, x)dx%dxP.
1)

In keeping with conventions commonly used in near horizon ge-
ometry, here and onward V = 9, represents the timelike Killing
field (9; in the coordinates of equation (1.1)), r = 0 coincides with
the horizon, and hg, denotes the induced metric on A the horizon
cross-section. The orbit space metric on a constant time slice M"
is then given by

Giijv Giijv

8ij =Gij — G = Gjj + 2[F| (2.2)

with coordinates xi = (r, x%). Note that since the Killing field is
timelike away from the horizon

F(r,x) <0 for r>0. (2.3)
It follows that

g0 3p) = rff;| - #

g(dr, ) = Grrz” |i“| = —r§7;|, (24)
g(0xa, dyp) = Ggp + G:Z‘"iTV =hgp h|a:|b .

Let y (r) = (r,x%(r)), r € [0, 9] be a smooth curve in the orbit space
intersecting H, with tangent vector y. On this curve |hgx?| + |F| <



Download English Version:

https://daneshyari.com/en/article/8187199

Download Persian Version:

https://daneshyari.com/article/8187199

Daneshyari.com


https://daneshyari.com/en/article/8187199
https://daneshyari.com/article/8187199
https://daneshyari.com

