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In this paper, we take the slowly rotating black three-brane background and perturb it by introducing 
a vector gauge field. We find the components of the gauge field through Maxwell equations and 
Bianchi identities. Using currents and some ansatz we find Fick’s first law at long wavelength regime. 
An interesting result for this non-trivial supergravity background is that the diffusion constant on the 
stretched horizon which emerges from Fick’s first law is a complex constant. The pure imaginary part of 
the diffusion constant appears because the black three-brane has angular momentum. By taking the static 
limit of the corresponding black brane the well known diffusion constant will be recovered. On the other 
hand, from the point of view of the Fick’s second law, we have the dispersion relation ω = −iDq2 and 
we found a damping of hydrodynamical flow in the holographically dual theory. Existence of imaginary 
term in the diffusion constant introduces an oscillating propagation of the gauge field in the dual field 
theory.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In ten dimensional type IIB supergravity a black three-brane 
is a cluster of coincident D3-branes [1]. Black three-branes may 
have angular momentum in a plane perpendicular to the brane 
and the geometry of this object has extensively been discussed in 
[2–4]. Generally a three-brane in ten dimensions has a rank three 
transverse rotation group S O (6), so it has three independent (com-
muting) angular momentums.

An interesting aspect of D3-brane is that worldvolume of N co-
incident D3-branes, being in ten dimensional spacetime and at low 
energies, can be described by super-Yang–Mills theory with gauge 
group U (N). This point shows that D3-branes and black three-
branes might be used in the context of dual theories. The dual 
theory which connects physics in a region of space with gravity to 
a region without gravity; is known as holographic principle.

In the context of the holographic principle [5–7], the region 
without gravity which lives on smaller dimensions, can describe 
in particular cases some kinds of field theories. As we know, the 
fluid/gravity duality connects the long wavelength field theories 
to a gravity dual containing a black brane with nonzero Hawking 
temperature [8,9]. It has been proved that theories living on the 
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non extremal D3, M2 and M5 branes have hydrodynamical behav-
ior at long wavelength description and their hydrodynamic modes 
are coincide with kinetic coefficients in the dual theories extracted 
from AdS/CFT [10–14].

On the other hand, the membrane paradigm, which describes 
the hydrodynamic-like properties of the event horizon, would be a 
better physical model for black branes in comparison with black 
holes because the horizon of black holes lacks translational in-
variants [15,16]. Also considering fluctuations around static black 
brane solutions, the diffusion relations and shear flow in the holo-
graphically dual theory have been extracted in [17,18].

Some properties of the rotating black three-brane such as ther-
modynamic properties and stability has been studied in the litera-
ture [19–21]. Also the relation between rotating black three-branes 
and Q C D has been calculated in [22]. The points mentioned above 
motivated us to investigate dispersion relation of dual field theory 
of rotating black three-brane spacetime which the hydrodynami-
cal modes are encoded in. It helps us to understand more about 
fluid/gravity duality for the case of rotating branes. So we take 
slowly rotating black three-brane in the gravity side and introduce 
a small fluctuation, using a vector gauge field from the field the-
ory side, and find Fick’s first law. By extracting Fick’s first law, an 
explicit expression for the diffusion constant will be obtained. Us-
ing the Fick’s second law, i.e. ω = −iDq2, we find a traditional 
damping of the hydrodynamical modes (because of the real part of 
the diffusion constant) plus an oscillating propagation of the gauge 
field, which emerges from the imaginary part of the obtained dif-
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fusion constant, in long wave length regime of the corresponding 
field theory.

The organization of the paper is as follows. In section 2, we in-
troduce the reduced spacetime of rotating black three-brane. By 
using the gauge field, we perturb this background and then apply 
Maxwell equations and Bianchi identities on the stretched horizon. 
In that case, in order to determine all appropriate components of 
the gauge field we suppose some ansatz. In section 3, we will ob-
tain Fick’s first law by relating different components of Maxwell 
equations. Then, we extract an explicit expression for the diffusion 
constant of the dual field theory. Section 4 is devoted to the Fick’s 
second law and the dispersion relation which relates the quasi nor-
mal modes of black branes to the diffusion constant. In the final 
section we have conclusions and notes.

2. Rotating black three-brane and corresponding perturbation

The general rotating brane solution in string theory is presented 
in [21,22]. So thermodynamic properties and stability conditions of 
that solutions can be found easily. One of the hydrodynamic modes 
is the diffusion constant and in order to find it we consider the re-
duced metric of the rotating three-brane with angular momentum 
(here we have just one angular momentum),

ds2
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and we have assumed [22],
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3. (3)

Similar to spherically symmetric cases the dilaton is constant and 
coshα relates directly to the three-brane charge. As we know, the 
rotating black three-brane and N coincident D3-branes with a den-
sity of R-charge on the world-volume have the same quantum 
numbers. Thus we have,

r4
0sinhαcoshα = R4 ≡ 4π gs Nα′2, (4)

where gs and α′ are the string theory parameters. The event hori-
zon for the metric (1) is,
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where the Hawking temperature at θ = π
2 , �1 = 0 is given by,
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In the slowly rotating limit (small angular momentum) we take 
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It is obvious that (4) connects r0 and coshα to the D3-brane 
charge N . So, in the low energy limit, i.e. N → ∞, we have 
coshα = (
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and the Howking temperature will be,
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This relation expresses that in the large ’t Hooft coupling (λ =
g2

Y M N � 1), Howking temperature of rotating three-brane in the 
static limit gives the AdS5 result exactly.

The stretched horizon is a suitable region to calculate the dif-
fusion constant on. In our case, the stretched horizon is a flat 
spacelike hypersurface located at r = rh such that,

rh > re, rh − re � re. (8)

We find in the next sections a more restricted constraint than (8). 
The unit normal vector on the corresponding hypersurface is a 
spacelike vector. Using � = r = const. we have nr = √

grr . Also the 
inverse components of the metric ds2

I I B are,

gtt = −g��

g2
tφ − gtt g��

, g�� = −gtt

g2
tφ − gtt g��

,

gt� = gt�

g2
tφ − gtt g��

,

gxi xi = (gxi xi )
−1, grr = (grr)

−1,

gθθ = (gθθ )
−1, g�i�i = (g�i�i )

−1. (9)

The hydrodynamic theory in the dual field theory can be pro-
duced by currents and tensors, so it is important to investigate the 
vector and tensor perturbations. The dynamics of vector perturba-
tion can be found by Maxwell action,
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∫

dxp+2√−g(
1

g2
ef f

F μν Fμν). (10)

Taking an external gauge field Aμ as a perturbation, one can study 
currents on the stretched horizon r = rh . The corresponding equa-
tion of current is,

Jμ = nν F μν |rh , (11)

after expansion we have,

J t = gtt

√
grr

Ftr, J xi = 1

gxi xi

√
grr

Fxir, J θ = 1

gθθ
√

grr
Fθr,

J� = g��

√
grr

F�r, J�i = 1

g�i�i

√
grr

F�i r . (12)

The conservation equation of current is ∂μ Jμ = 0, this leads us to 
the following equation,
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Because of the antisymmetry properties of F μν one can conclude 
nμ Jμ = 0, which shows that the corresponding current is parallel 
to the stretched horizon.

Now we search for the other relations come from Maxwell 
equations and Bianchi identities. For the Maxwell equation we 
have,

∂μ(
1

g2
ef f

√−g F μν) = 0. (14)

For simplicity, we take effective coupling gef f as a constant, so the 
components of the Maxwell equations will be,
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