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In present work within the frame of dynamic theory for parametric X-ray radiation in two-beam 
approximation we have presented detailed studies on parametric radiation emitted by relativistic both 
electrons and ions at channeling in crystals that is highly requested at planned experiments. The analysis 
done has shown that the intensity of radiation at relativistic electron channeling in Si (110) with 
respect to the conventional parametric radiation intensity has up to 5% uncertainty, while the accuracy 
of approximate formulas for calculating parametric X-ray radiation maxima does not exceed 1.2%. We 
have demonstrated that simple expressions for the Fourier components of Si crystal susceptibility χ0
and χgσ could be reduced, as well as the temperature dependence for radiation maxima in Si crystal 
(diffraction plane (110)) within Debye model. Moreover, for any types of channeled ions it is shown that 
the parametric X-ray radiation intensity is proportional to z2−b(Z ,z)/z with the function b(Z , z) depending 
on the screening parameter and the ion charge number z = Z − Ze .

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Since the first observation of parametric X-ray radiation (PXR) 
reported in [1,2], in successful works [3–5] it was shown that the 
observed radiation peaks represent a new type of radiation dif-
ferent from diffraction of bremsstrahlung radiation. For more than 
30 years PXR has been intensively studied by many groups in the 
world revealing particular behaviors of such radiation. For the ba-
sic theory developed and main experimental results obtained for 
relativistic electrons we can refer to the books [6,7], while some 
details in a fine structure of parametric radiation from relativistic 
electrons in a crystal, for example, spectral linewidth and features 
of orientational dependence for differential PXR yield – to the pa-
per [8]. First studies on PXR by heavy charged particles (protons 
and ions) of moderate energies have been presented in [9–11], 
while for highly relativistic protons (Pb ions) the first observation 
results were published in [12,13].

As shown by many authors in the past one of the most inter-
esting characteristics of PXR proves the feasibility of its use for the 
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experiment diagnostic purposes. Various behaviors of this radiation 
are strongly related to the parameters of media, in which the ra-
diation is formed from coherent radiation by projectiles. Moreover, 
the PXR intensity depends on the projectile charge that makes pos-
sible to manage the radiation characteristics. This dependence is 
still under investigation.

In this work we are going to present the results on investigation 
of some new peculiarities of parametric radiation. First of all, we 
have indicated the main difference between radiations at (PXRC1) 
and without channeling (PXR) of charged particle beams. Then us-
ing the QED expression of PXR angular distribution, developed in 
[16,17], the reasonably accurate estimates of the expressions for 
the PXR intensity maxima is given. To perform necessary calcula-
tions, analytical approximate dependence of PXR photon energy on 
Fourier components of the crystal susceptibility recently derived is 
reported. This expression allows within the frame of Debye model 
the temperature dependence of PXR spectrum to be defined. The 

1 If charged particle beams are moving in crystals at channeling conditions [14,
15], they can also emit parametric X-ray radiation, PXR at channeling – PXRC, due 
to their interaction with various adjacent planes. Hence, PXRC is a phenomenon 
different from known PXR by quasi-free beams.

https://doi.org/10.1016/j.physletb.2017.09.088
0370-2693/© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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latter becomes very useful for new experiments on PXR studies at 
present and future high current accelerator and storage ring facili-
ties.

Finally, performing an analysis within the frame of Thomas–
Fermi–Dirac (TFD) theory we have proposed an simple approxi-
mate expression for Z-dependence of the intensity of ion-induced 
PXR updated with respect to previous known dependence.

2. PXRC intensity versus PXR one

As previously shown theoretically [17,18] and then proved ex-
perimentally [19], PXRC emitted by electrons differs from con-
ventional PXR by the form-factor Fnn and the initial population 
Pn = Pn(θ0, k⊥) of the channeling state n

dNPXRC = d3NPXRC

dθxdθydz
= dNPXR

∑
n

Pn|Fnn|2 , (1)

where dNPXR is the standard PXR angular distribution [17],

dNPXR = αωB

16πc sin2 θB

[
θ2

x

1 + W 2
π

+ θ2
y

1 + W 2
σ

]
, (2)

Fnn is the matrix element describing the probability of sponta-
neous channeled electron intraband transition within the band n
accompanied by the emission of a photon in the Bragg direc-
tion, ωB = cπ/d sin θB is the Bragg frequency [7], α = e2/h̄c is 
the fine structure constant, d is the crystal interplane distance, 
θo = arctan(p⊥/p‖) is the angle of incidence with respect to the 
crystallographic plane, p‖ = pz and p⊥ = h̄k⊥ = p y are the longi-
tudinal and transverse components of electron momentum.

In Eq. (2) we have used the following denominations for the 
polarization type τ = (π, σ) [17,19]

Wτ = 1

2
∣∣χg

∣∣ Pτ

(
R −

∣∣χg
∣∣2

P 2
τ

R

)
,

R = θ2
x + θ2

y + θ2
kin, θ2

kin = γ −2 + |χ0| ,
Pπ = cos 2θB , Pσ = 1, (3)

where χ0 and χg are the Fourier components of crystal dielectric 
susceptibility, γ is the projectile relativistic factor, τ is the type 
of polarization for PXRC-photon (equals to either π or σ polariza-
tion), θx and θy are the angular coordinates for deviation of the 
wave vector of PXRC-photon from the Bragg direction.

Thus, relative difference factor


P X RC = dNPXRC

dNPXR
=

∑
n

Pn(θ0,ky)|Fnn|2 (4)

for the angular distributions of PXR and PXRC can be calculated 
only taking into account the form-factor Fnn and initial population 
Pn(θ0, ky).

Fig. 1 represents the dependence of 
P X RC on longitudi-
nal electron energy E‖ = γ mc2 at channeling in Si (110). Sharp 
jumps in the graph of difference factor 
P X RC takes place due to 
zone structure of transverse energy levels E⊥ for channeled elec-
trons.

The large uncertainty range of the values 
P X RC for these 
points is a consequence of the energy band structure for the trans-
verse motion. The uncertainly is the difference between PXRC and 
PXR intensities that could be measured near the “quantum jump”, 
which takes place at the energies of the electron beam when a 
new odd level of the transverse channeling state appears. The 
maximum values of relative difference 
P X RC correspond to the 

Fig. 1. Difference factor for PXRC and PXR – 
P X RC – as a function of E‖ for (110) Si 
channeling of electrons (diffraction on planes (111)). The large uncertainty range of 
values of 
P X RC is a consequence of energy levels band structure for the transverse 
motion.

“lower” (in magnitude of the electron wave vector) edge of the 
energy band. Such unusual plot of relative difference 
P X RC re-
veals the PXRC intensity measurements, in contrast to PXR, to be 
necessarily characterized by an uncertainty for electrons channeled 
along (110) planes, i.e., for Si and C – up to 5%, while for LiF – up 
to 12% [18].

In recent paper [20], theoretical calculations for PXR intensities 
taking into account multiple scattering by means of the convo-
lution technique were presented. The results obtained proves the 
fact that accounting for the process of multiple scattering does not 
practically change the magnitude of PXR maximum (Fig. 1 shows 
the PXR maxima). Moreover, it was shown that multiple scatter-
ing does not affect the magnitudes of transverse beam energies, at 
which new quantum levels of channeled motion appear.

3. Approximation for PXR maxima calculation

Analysis of Eqs. (1)–(2) proves that the maxima of PXR and 
PXRC could be observed at the same angles θxmax and θymax . To 
get a precise expression for that is very routine, while a simple 
but sufficiently accurate approximation for extreme angles θxmax

and θymax can be obtained. According to Eq. (2) PXR reaches its 
maxima at the extreme points fx = θ2

xmax/(1 + W 2
π ) for θymax and 

f y = θ2
ymax/(1 + W 2

σ ) for θymax , where these points have been de-
fined as the functions of θkin and χg . Due to the smallness of one 
of the parameters, χg � 1, these functions could be reduced via 
their expansion in series up to quadratic terms χ2

gτ to rather sim-
ple equations

fx � 4θ2
x χ2

gπ

(θ2
kin + θ2

x )2
cos2 2θB , f y � 4θ2

yχ
2
gσ

(θ2
kin + θ2

y )2
, (5)

with the maxima at the points (corresponding to the PXR intensity 
maxima)

θ̃±
xmax = θ̃±

ymax = ±θkin (6)

Using these approximate expressions for the angular coordinates 
of PXR intensity maxima θ̃xmax = θ̃ymax = θkin we obtain reasonably 
accurate estimates for the expressions of PXR intensity maxima

dNxmax
PXR = α ωB

πc

θ6
kinχ

2
gπ cos2 2θB

(4θ4
kin + χ2

gπ cos2 2θB)2
,

dN ymax
PXR = α ωB

πc

θ6
kinχ

2
gσ

(4θ4
kin + χ2

gσ )2
, (7)

for the Bragg frequency of PXR with normalized speed β = v/c, 
where v is the electron velocity,
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