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We present a general covariant action for massive gravity merging together a class of “non-polynomial”
and super-renormalizable or finite theories of gravity with the non-local theory of gravity recently
proposed by Jaccard, Maggiore and Mitsou (Phys. Rev. D 88 (2013) 044033). Our diffeomorphism invariant
action gives rise to the equations of motion appearing in non-local massive gravity plus quadratic
curvature terms. Not only the massive graviton propagator reduces smoothly to the massless one without
a vDVZ discontinuity, but also our finite theory of gravity is unitary at tree level around the Minkowski
background. We also show that, as long as the graviton mass m is much smaller the today’s Hubble
parameter H0, a late-time cosmic acceleration can be realized without a dark energy component due to
the growth of a scalar degree of freedom. In the presence of the cosmological constant Λ, the dominance
of the non-local mass term leads to a kind of “degravitation” for Λ at the late cosmological epoch.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The construction of a consistent theory of massive gravity has
a long history, starting from the first attempts of Fierz and Pauli
[1] in 1939. The Fierz–Pauli theory, which is a simple extension of
General Relativity (GR) with a linear graviton mass term, is plagued
by a problem of the so-called van Dam–Veltman–Zakharov (vDVZ)
discontinuity [2]. This means that the linearized GR is not recov-
ered in the limit that the graviton mass is sent to zero.

The problem of the vDVZ discontinuity can be alleviated in the
non-linear version of the Fierz–Pauli theory [3]. The non-linear
interactions lead to a well behaved continuous expansion of so-
lutions within the so-called Vainshtein radius. However, the non-
linearities that cure the vDVZ discontinuity problem give rise to
the so-called Boulware–Deser (BD) ghost [4] with a vacuum insta-
bility.

A massive gravity theory free from the BD ghost was con-
structed by de Rham, Gabadadze and Tolley (dRGT) [5] as an exten-
sion of the Galileon gravity [6]. On the homogeneous and isotropic
background, however, the self-accelerating solutions in the dRGT
theory exhibit instabilities of scalar and vector perturbations [7].
The analysis based on non-linear cosmological perturbations shows
that there is at least one ghost mode (among the five degrees
of freedom) in the gravity sector [8]. Moreover it was shown in
Ref. [9] that the constraint eliminating the BD ghost gives rise to
an acausality problem. These problems can be alleviated by ex-
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tending the original dRGT theory to include other degrees of free-
dom [10–12] (like quasidilatons) or by breaking the homogeneity
[13] or isotropy [14,15] of the cosmological background.

Recently, Jaccard et al. [16] constructed a non-local theory of
massive gravity by using a quadratic action of perturbations ex-
panded around the Minkowski background. This action was orig-
inally introduced in Refs. [17,18] in the context of the degravi-
tation idea of the cosmological constant. The resulting covariant
non-linear theory of massive gravity not only frees from the vDVZ
discontinuity but respects causality. Moreover, unlike the dRGT
theory, it is not required to introduce an external reference metric.

Jaccard et al. [16] showed that, on the Minkowski background,
there exists a scalar ghost in addition to the five degrees of free-
dom of a massive graviton, by decomposing a saturated propagator
into spin-2, spin-1, and spin-0 components. For the graviton mass
m of the order of the today’s Hubble parameter H0, the vacuum
decay rate induced by the ghost was found to be very tiny even
over cosmological time scales. The possibility of the degravitation
of a vacuum energy was also suggested by introducing another
mass scale μ much smaller than m.

In this Letter we propose a general covariant action principle
which provides the equations of motion for the non-local massive
gravity [16] with quadratic curvature terms. The action turns out
to be a bridge between a class of super-renormalizable or finite
theories of quantum gravity [19–25] and a diffeomorphism invari-
ant theory for a massive graviton.

The theory previously studied in Refs. [19–25] has an aim to
provide a completion of the Einstein gravity through the introduc-
tion of a non-polynomial or semi-polynomial entire function (form
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factor) without any pole in the action. In contrast, the non-local
massive gravity studied in this Letter shows a pole in the classi-
cal action making it fully non-local. However, the Lagrangian for
massive gravity can be selected out from the theories previously
proposed [19–25] once the form factor has a particular infrared
behavior. The non-local theory resulting from the covariant La-
grangian is found to be unitary at tree level on the Minkowski
background. Moreover, the theory respects causality and smoothly
reduces to the massless one without the vDVZ discontinuity.

We will also study the cosmology of non-local massive gravity
on the flat Friedmann–Lemaître–Robertson–Walker (FLRW) back-
ground in the presence of radiation and non-relativistic matter.1

Neglecting the contribution of quadratic curvature terms irrelevant
to the cosmological dynamics much below the Planck scale, the dy-
namical equations of motion reduce to those derived in Ref. [16].
We show that, as long as the graviton mass m is much smaller
than H0, the today’s cosmic acceleration can be realized without
a dark energy component due to the growth of a scalar degree of
freedom.

Our Letter is organized as follows. In Section 2 we show a non-
local covariant Lagrangian which gives rise to the same equation
of motion as that in non-local massive gravity with quadratic cur-
vature terms. We also evaluate the propagator of the theory to
study the tree-level unitarity. In Section 3 we study the cosmolog-
ical implications of non-local massive gravity in detail to provide a
minimal explanation to dark energy in terms of the graviton mass.
We also discuss the degravitation of the cosmological constant in-
duced by the non-local mass term. Conclusions and discussions are
given in Section 4.

Throughout our Letter we use the metric signature ημν =
diag(+1,−1,−1,−1). The notations of the Riemann tensor, the
Ricci tensor, and Ricci scalar are Rμ

νρσ = −∂σ Γ
μ
νρ +· · · , Rμν = Rσ

μνσ
and R = gμν Rμν , respectively.

2. Super-renormalizable non-local gravity

Let us start with the following general class of non-local actions
in D dimension [19–25],

S =
∫

dD x
√|g|

[
2κ−2 R + λ̄ +

Finite number of terms︷ ︸︸ ︷
O

(
R3) + · · · + RN+2

+
N∑

n=0

(
an R(−�M)n R + bn Rμν(−�M)n Rμν

)

+ Rh0(−�M)R + Rμνh2(−�M)Rμν

]
, (1)

where κ = √
32πG (G is gravitational constant), |g| is the determi-

nant of a metric tensor gμν , � is the d’Alembertian operator with
�M = �/M2, and M is an ultraviolet mass scale. The first two lines
of the action consist of a finite number of operators multiplied
by coupling constants subject to renormalization at quantum level.
The functions h2(z) and h0(z), where z ≡ −�M , are not renormal-
ized and defined as follows

h2(z) = V (z)−1 − 1 − κ2 M2

2 z
∑N

n=0 b̃nzn

κ2 M2

2 z
,

1 Note that cosmological consequences of non-local theory given by the La-
grangian R f (�−1 R) have been studied in Refs. [26–32]. In this case the function
f (�−1 R) can be chosen only phenomenologically from the demand to realize the
late-time cosmic acceleration and so on.

h0(z) = − V (z)−1 − 1 + κ2M2z
∑N

n=0 ãnzn

κ2M2z
, (2)

for general parameters ãn and b̃n , while

V (z)−1 := �+ m2

� eH(z), (3)

eH(z) = ∣∣pγ +N+1(z)
∣∣e 1

2 [Γ (0,p2
γ +N+1(z))+γE ]

. (4)

The form factor V (z)−1 in Eq. (3) is made of two parts:
(i) a non-local operator (� + m2)/� which goes to the identity
in the ultraviolet regime, and (ii) an entire function eH(z) with-
out zeros in all complex planes. Here, m is a mass scale associated
with the graviton mass that we will discuss later when we calcu-
late the two-point correlation function. H(z) is an entire function
of the operator z = −�M , and pγ +N+1(z) is a real polynomial of
degree γ + N + 1 which vanishes in z = 0, while N = (D − 4)/2
and γ > D/2 is integer.2 The exponential factor eH(z) is crucial to
make the theory super-renormalizable or finite at quantum level
[19–25].

Let us expand on the behavior of H(z) for small values of z:

H(z) =
∞∑

n=1

pγ +N+1(z)2n

2n(−1)n−1n!

= 1

2

[
γE + Γ

(
0, p2

γ +N+1(z)
) + log

(
p2
γ +N+1(z)

)]
,

for Re
(

p2
γ +N+1(z)

)
> 0. (6)

For the most simple choice pγ +N+1(z) = zγ +N+1, H(z) simplifies
to

H(z) = 1

2

[
γE + Γ

(
0, z2γ +2N+2) + log

(
z2γ +2N+2)],

Re
(
z2γ +2N+2) > 0,

H(z) = z2γ +2N+2

2
− z4γ +4N+4

8
+ · · · , for z ≈ 0. (7)

In particular limz→0 H(z) = 0. We will expand more about the limit
of large z in Section 2.2, where we will explicitly show the power
counting renormalizability of the theory.

2.1. Propagator

In this section we calculate the two point function of the grav-
itational fluctuation around the flat space–time. For this purpose
we split the gμν into the flat Minkowski metric ημν and the fluc-
tuation hμν , as

gμν = ημν + κhμν. (8)

Writing the action (1) in the form S = ∫
dD xL, the Lagrangian L

can be expanded to second order in the graviton fluctuation [33]

Llin = −1

2

[
hμν�hμν + A2

ν + (Aν − φ,ν)2]
+ 1

4

[
κ2

2
�hμνβ(�)�hμν − κ2

2
Aμ

,μβ(�)Aν
,ν

2 γE = 0.577216 is Euler’s constant, and

Γ (b, z) =
∞∫

z

tb−1e−t dt (5)

is the incomplete gamma function [19].
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