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Abstract

We develop a perturbative expansion of quantum Liouville theory on the pseudosphere around the background generated by heavy charge
Explicit results are presented for the one and two point functions corresponding to the summation of infinite classes of standard perturbative graph
The results are compared to the one point function and to a special case of the two point function derived by Zamolodchikov and Zamolodchikoy
in the bootstrap approach, finding complete agreement. A partial summation of the conformal block is also obtained.
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Much interest has been devoted to the exact solutions of thebtain a strong check of the ZZ bootstrap formula for the one
conformal bootstrap equations for the Liouville theory on thepoint function[1], which includes all the previous perturbative
pseudospherfl], on the finite disk with conformally invariant checks.
boundary conditionf] and on the spherf@-5]. The first two We apply the same technique to compute the two point func-
solutions have given rise to the ZZ and FZZT branes. tion with two heavy chargesg ande, to the first order ire, get-

In this Letter, we present a technique to treat the Liouvilleting a closed expression of this correlator to the orde¢s~2)
field theory on the pseudosphere, which allows to find an exand 0 (b°) included, but exact im and in theSU (1, 1) invari-
pansion in the coupling constahtof the N point functions in  ant distance» between the sources. According to an argument
presence of “heavy charges”, according to the terminology ingiven by ZZ, such expression provides an expansion of a con-
troduced if3]. This means that we consider the vertex operatoformal block up toO(»°) and to the first order i, but to
Vo(z) = e2?®@ with « = n/b andy fixed in the semiclassical all orders inny andw. With more work, this technique can be

limit b — 0. extended to higher orders if and to more complicated corre-
For the one point function, this analysis goes well beyondation functions.
the previous perturbative expansion performefli,7] where We start from the Liouville action on the pseudosphere
a has been taken small; indeed, our result corresponds to the presence ofN sources characterized by heavy charges
summation of an infinite class of perturbative graphs. Thus, wes, ..., ny, given in [7]. Decomposing the Liouville field
as follows
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quantum fieldy
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Adopting the unit disk representatiah=
the pseudosphere, these actions read
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where the functionfg(r, ub?) is a subtraction term indepen-

dent of the charges. The coupling constarns related to the
parameterQ occurring in the central charge= 1 + 602 by
Q = 1/b + b [8]. Moreover, the classical fieldp obeys the
following boundary conditions

05(z) = —log(1 — z2)% + f(ub?) + O((1 - 22)?),

when|z| — 1, (5)
95 (2) = =21, 109z — z4|* + O(),
whenz — z,, (6)

wheref (ub?) is a function depending only on the produi?.
The integration domains ard, . = A, \ U,’,V:l vn With A, =
{lzl <r <1} C A andy, = {|z — zx| < &,}. Because of the
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sources. Now, since undei&d (1, 1) transformation the classi-
cal background field changes as follows

2

¢B(2) — ¢p(w) = ¢p(2) — 9

o dw
937

one can see that the transformation lawSef¢p] assigns to
the vertex operatadv, (z) the semiclassical dimensioagl/b —
@) =n(L—n)/b*[7,9].

For the one point function, we have a single heavy charge
n1 = n, which can be placed ity = 0, and the explicit solution
of the Liouville equation ispp = ¢, given by[10]

1 (1—2n)?
mub? [(z2)" — (7)1
Local finiteness of the area around the source in the metric
% d?z imposes) < 1/2[10,11]

The classical actio(3) computed on this background gives
the semiclassical one point function

¥l —

(10)

1
(V) = exp| (1 10glru] + 2

+ (1 —2n)log(1— 2;7))}. (11)

To go beyond this approximation, we need to find the Green
function on the background field given §$0) and, to do this,
we employ the method developedi?]. Thus, we compute the
classical background in presence of the chargez; =0 and

of another charge in z2 =t € A and real by applying first or-
der perturbation theory into the Fuchsian equation associated
to the Liouville equation, i.e.

d?y; ,
7 2 j=12, (12)
whereQ(z) = b2T (z), beingT (z) the holomorphic component

of the classical energy momentum tensor of the classical field
¢p. Tofirst order perturbation theory in one writest’; = y; +
edy; and Q = Qo + ¢, where the unperturbed quantities are
Qo(z) = 1(L—1)/z?, y1(2) = 2" andyz(z) = 2.

We impose now the Cardy conditigii3] and the regu-
larity condition at infinity on the classical energy momen-

boundary behavior of the Green function, that will be computedym tensor. One can express them more easily in the upper

in the following, the last integral in the quantum act{@hdoes
not contribute.

The vanishing of the first variation ¢§[¢ ] with respect to
the fieldpp satisfying(5) and (6)gives the Liouville equation
in presence oV sources

N
—0:0:0p + 2mb% e’ =271 Y 082z — za). @)
n=1
At semiclassical level, we have
e~ Sl (n1,215-5N,2N)
(Vo (20) .. Vay (ZN)>SC_ e—5c(0) ’ (8)

where S¢i(n1, 215 ... 1N, zn) IS the classical actiorbg[¢p]
computed on the solutiopg of the Liouville equation with

half planeH = {£ € C; Im(§) > 0} representation (related to
the unit disk representation through the Cayley transforma-
tion z = (¢ — i)/(& + i)), where they read)(¢) = Q(¢) and
£40(&) ~ O(1) whengé — oo, respectively.

In the H representation, we have th@o(&) = 4n(n —
1)/(€%2 + 1% and

S () = 1 N 1 n Bi
TS = i T E+in? " 2€—i)
,gi ,Bir IB_iT
26 +i)  2¢ —ir) + 26 +it)’ (13)

where 8; and g;; are the Poincaré accessory parameters and
it=i(1+1)/(1—1)isthe image ot, = through the Cayley
transformation.
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