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Abstract

Relativistic action-at-a-distance theories with interactions that propagate at the speed of light in vacuum are investigated. We consider the r
general action depending on the velocities and relative positions of the particles. The Poincaré invariant parameters that label successive e
along the world lines can be identified with the proper times of the particles provided that certain conditions are imposed on the interacti
terms in the action. Further conditions on the interaction terms arise from the requirement that mass be a scalar. A generic class of theories
interactions that satisfy these conditions is found. The relativistic equations of motion for these theories are presented. We obtain axact circ
orbits solutions of the relativistic one-body problem. The exact relativistic one-body Hamiltonian is also derived. The theory has three somponel
a linearly rising potential, a Coulomb-like interaction and a dynamical component to the Poincaré invariant mass. At the quantum level we obt
the generalized Klein—Gordon—Fock equation and the Dirac equation.
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In the past thirty years or so, a great deal of work has been focused on the problem of relativistic boufid-dtéfgzarticularly
on the relativistic equations for quark—antiquark bound states and the problem of deriving the meson $fp&ctg]nwithin the
relativistic action-at-a-distance formulation of Wheeler and Feyniaa22](for electrodynamics) solutions of the two-body Dirac
equationg23,24] have been found for positroniuf@3]. The spectrum obtained by this method agrees with the result of quantum
field theory[25,26] at least up to the* order. The approach has also been applied to mg@dsThere is strong experimental
evidence that for large separations the interaction between quarks can be effectively described by a linearly rising p@jtential
Several relativistic generalizations of a linearly rising potential have been stia#ied2] From quantum chromodynamics, using
the Wilson loops approadB3], it has been established that the quark—antiquark bound states are effectively described by a sta
potential, which is a sum of a linearly rising potential and a Coulomb-like interacticaor — é [34].

In this Letter we extend the approach of Wheeler and Feynman to explore what types of interparticle interactions are allowec
special relativity. We assume that the interactions travel at the speed of light in vacuum and that the theory can be described b
action principle for which the interaction terms in the action do not depend on the four-vector accelerations or on higher derivative

We find explicitly the most general theory that satisfies these conditions. In the static limit we find the theory has three comg
nents: a linearly rising potential, a Coulomb-like interaction and a dynamical component to the Poincaré invariant mass.

We obtain the relativistic equations of motion fir particles and apply these results to the relativistic one-body problem, for
which we obtain explicitly the Hamiltonian. Quantum mechanical equations for spinless particles and férpminieles are
presented at the end of the Letter. The possibility of considering the effect of a dynamical component to the quark masses in cur
phenomenological models is naturally suggested by the results obtained here.

Let us consider a system of interacting relativistic particles. Let; (i =1, 2,..., N) be the mass of particlg c is the speed
of light andx; a Poincaré invariant parameter labeling the events along the World‘l'(ne) of particlei in Minkowski spacetime.

dzf-‘

We denotel!’ = L.
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The metric tensory,,, = diag(+1, —1, —1, —1). We can write the Poincaré invariaris4]

2

Gi=2z7, (1)
&ij = (2izj), )
vij = (Zi(zj — 20)), 3)
pij = (zi — )% 4)

Let us consider the action
8i8j
S = me/d)»i &+ ZZ % f/ dridhj F(&ij,Yij, Vii» Ci» $)8(pij)- )
i i j#i
The Dirac delta function if5) accounts for the interactions propagating at the speed of light forward and backward in time.
Without loss of generality, we assume the functiomo be symmetric:
F&ij, vijs vjir 6is ) = F&ij, Vi Vij» 6y Gi)- (6)

The Minkowski equations of motion fay interacting relativistic particles can be derived from the acff)mising the variational
principle. We find

mizZl =K/, (7)
where
8i . .
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In order to identifyi; with s; = ct;, wherer; is the particle’s proper time in flat spacetime, one needs to impose the well-known
conditions:

(Kizj) =0. (12)

The conditiong12) guarantee that, for all solutions of the equations of motipr(j = 1, 2,..., N) are constants (which by
simple scaling can be made equal to 1):

dr? =ny,dzl dz). (13)
Taking into account Eq$8) and (9)—(11we can see that Egél2) lead to the following conditions oR':
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1 Equationg7)—(11)are derived fron{5) by varyingz; , in the action and integrating by parts, taking into account that

4 dpij d
dA; _
d_M(S(pij)) = Eﬁj(s(pzj)) =
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