
Annals of Physics 372 (2016) 457–467

Contents lists available at ScienceDirect

Annals of Physics

journal homepage: www.elsevier.com/locate/aop

On a relation of the angular frequency to the
Aharonov–Casher geometric phase in a
quantum dot
P.M.T. Barboza, K. Bakke ∗

Departamento de Física, Universidade Federal da Paraíba, Caixa Postal 5008,
58051-900, João Pessoa-PB, Brazil

a r t i c l e i n f o

Article history:
Received 23 February 2016
Accepted 2 June 2016
Available online 16 June 2016

Keywords:
Aharonov–Casher effect
Geometric quantum phases
Quantum dot
Persistent spin current
Linear plus Coulomb-type potential
Biconfluent Heun function

a b s t r a c t

By analysing the behaviour of a neutral particle with permanent
magnetic dipole moment confined to a quantum dot in the pres-
ence of a radial electric field, Coulomb-type and linear confining
potentials, then, an Aharonov–Bohm-type effect for bound states
and a dependence of the angular frequency of the system on the
Aharonov–Casher geometric phase and the quantum numbers as-
sociated with the radial modes, the angular momentum and the
spin are obtained. In particular, the possible values of the angu-
lar frequency and the persistent spin currents associated with the
ground state are investigated in two different cases.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In mesoscopic systems, the dependence of the energy levels on geometric quantum phases
[1–4] is a well-known quantum effect in the literature [5–18]. A particular case is the dependence
of the spectrum of energy on the Aharonov–Bohm geometric quantum [19] when the movement
of an electron is restricted to two concentric cylinders [20,21], or an one-dimensional ring [22], or
two-dimensional rings [15–17,23] without interacting with the magnetic field. This particular case is
called as the Aharonov–Bohm effect for bound states [24]. Further, analogues of the Aharonov–Bohm
effects for bound states have been investigated in mesoscopic systems [5–8] associated with the
Berry phase [1] and the Aharonov–Anandan quantum phase [2]. With respect to neutral particles,
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Aharonov–Bohm-type effects for bound states have been explored in quantum rings [9–14,25,26] due
to the interaction of the permanent magnetic dipole moment of the neutral particle with an electric
field that gives rise to the Aharonov–Casher effect [27].

The objective of this work is to investigate Aharonov–Bohm-type effects for bound states [24]
that arise in a two-dimensional quantum dot [15–17] due to the interaction of the permanent
magnetic dipole moment of a neutral particle with a radial electric field under the influence of scalar
potentials. By searching for bound state solutions, we show that the energy levels depend on the
Aharonov–Casher geometric quantum phase [27] and there exists a restriction of the values of the
angular frequency of the system, where the possible values of this angular frequency depend on the
quantum numbers associated with the radial modes, the angular momentum and the spin, and the
Aharonov–Casher geometric phase [27]. Due to this dependence of the energy levels on the geometric
quantum phase, we show that persistent spin currents [9–14,18] can arise in the two-dimensional
quantum dot. A particular contribution to the persistent spin currents in the quantum dot comes from
the dependence of the angular frequency on the geometric quantum phase.

The structure of this paper is as follows: in Section 2, we investigate an Aharonov–Bohm-type
effect for bound states [24] or an Aharonov–Casher effect for bound states [26] that arises in a two-
dimensional quantum dot [15–17] under the influence of a linear scalar potential. In particular, we
obtain the persistent spin currents associated with the ground state of the system; in Section 3, we
investigate an Aharonov–Casher effect for bound states [26] in a quantum dot under the influence of a
Coulomb-type and a linear scalar potentials. As a particular case, we show that the possible values of
the angular frequency associatedwith the ground state of the system are determined by a third degree
algebraic equation in order that bound state solutions can be obtained; in Section 4, we present our
conclusions.

2. Influence of a linear scalar potential

In this section, we investigate quantum effects on a neutral particle with a permanent magnetic
dipole moment confined to a quantum dot under the influence of a linear scalar potential when
the magnetic dipole moment of the neutral particle interacts with an electric field. As shown in
Refs. [25,27–31], the quantum dynamics of a neutral particle with a permanent magnetic dipole
moment that interacts with electric and magnetic fields is described by (with h̄ = c = 1):
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where σ i are the Pauli matrices that satisfy the relation
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and V is a scalar potential. Besides, the operator π̂ is defined as
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The second term of the right-hand-side of Eq. (2) stems from the curvilinear coordinates system
(cylindrical coordinates) adopted [25,31,32]. In quantum field theory in curved spacetime, this term
stems from the spinorial connection [25,33].

Now, let us introduce the Aharonov–Casher effect [27]. In 1984, Aharonov and Casher [27] showed
a particular case of the interaction between the permanent magnetic dipole moment and external
fields, where the magnetic moment of the neutral particle interacts with an electric field produced
by a linear distribution of electric charges, that is, E⃗ =

λ
ρ
ρ̂, where ρ =


x2 + y2, ρ̂ is a unit vector

in the radial direction and λ is a constant associated with the linear charge distribution along the
z-axis; thus, Aharonov and Casher [27] proposed an experiment of interferometry for neutral particles
in the presence of the electric field E⃗ =

λ
ρ
ρ̂ and showed that the wave function of the neutral particle

acquires a geometric quantum phase given by
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· dr⃗ = ±2πµλ, (3)
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