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We introduce a new formulation of nonclassicality in weak measurements based on probabilistic 
behavior of “quasi-moments” of a weakly measured observable. New definition determines existence of 
classical probabilistic interpretation and can be applied equally to quantum systems without classical 
counterpart in the usual sense. We show that the only consistent approach to define classicality in 
weak measurements should be based on the proper behavior of “quasi-moments” according to Bochner’s 
theorem.
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1. Introduction

The concept of nonclassicality in weak measurements has been 
introduced in Ref. [1]. The main idea is based on two observa-
tions. First, classical models for weak measurements with posts-
elections show that weak values are nothing but the average of 
the measured dynamical variable weighted by a conditional distri-
bution [2]. Therefore, for example, any positive valued dynamical 
variable must have positive weak value. Second, there exist quan-
tum states for which weak values of a positive observable behave 
anomalously and take negative values. This means that regardless 
of the model chosen, no classical-like description of the weak mea-
surement exists. These states are known as nonclassical states in 
the sense of weak measurements. The authors of Ref. [1]relate this 
nonclassicality to non-positivity of Margenau–Hill distributions and 
their corresponding conditional quasidistributions. In all examples 
that have been introduced in Refs. [1,3,4] there exists such a coex-
istence between nonclassical weak measurements and non-positive 
Margenau–Hill distribution.

In this paper we introduce a more generalized definition of 
nonclassicality in weak measurements. Instead of search for a 
phase space model of the weak measurement, or to prove its 
impossibility, we focus on “quasi-moments” and associated condi-
tional quasiprobability distribution. We use Bochner’s theorem to 
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obtain a necessary and sufficient hierarchy of conditions on quasi-
moments to be moments of a bona fide probability distribution. 
We show that the positivity of a weak value of any positive valued 
dynamical variable corresponds only to one of the Bochner’s con-
ditions. If any other such condition fails to represent a legitimate 
probability distribution function, the quantum state will be con-
sidered as nonclassical in weak measurements. From this point of 
view, in general, it is not possible to attribute this nonclassicality 
to non-positivity of Margenau–Hill distribution. We show that the 
observable that its weak measurements is in order and the post-
selected eigenstates uniquely determine a quasidistribution, usu-
ally not the phase space one, to a conditional quasidistribution of 
which we can associate the quasi-moments.

This paper is organized as follows. In Sec. 2 we review the 
Glauber nonclassicality and the problem of moments and char-
acteristics of quasi-marginal distributions. In addition, the role of 
Bochner’s criteria for nonclassicality has been analyzed. Sec. 3 is 
devoted to a brief review of weak measurements with postselec-
tion and its classical counterpart. The aim of this review is to 
obtain classical constrains on the moments of a dynamical vari-
able whose weak measurement is in order. In Sec. 4 we show that, 
in general, one cannot attribute the nonclassicality in weak mea-
surements to non-positivity of the Margenau–Hill distribution. In 
Sec. 5 we introduce a new definition for nonclassicality in weak 
measurements based on the behavior of quasi-moments of a con-
ditional quasidistribution related to weak measurements. Through 
some examples, we highlight the similarities and difference with 
previous works [1,3,4]. In Sec. 6 we discuss the relation between 
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Glauber nonclassicality and nonclassicality in weak measurements. 
The last section is devoted to conclusions.

2. Quasi-marginal distributions and Glauber classicality criterion

Density operator of a single mode quantized radiation field can 
be expanded diagonally in terms of coherent states [5,6]

ρ̂ =
∫

d2αP (α)|α〉〈α|, (1)

where P (α) is the Glauber–Sudarshan representation of the quan-
tum state. For a normally ordered observable ŝ =: s 

(
â, â†

)
: with 

c-number representation 〈α|ŝ|α〉, the optical equivalence theorem

〈ŝ〉 =
∫

d2αP (α)s
(
α,α∗) ,

is a classical-like relation for expectation values. Therefore, as long 
as we are interested in normally ordered operators, P (α) resem-
bles the classical phase space distributions. If P (α) is non-positive, 
the state is considered as nonclassical [7,8], called P-nonclassical 
from now on.

Clearly, in general 〈α|ŝn|α〉 �= 〈α ∣∣ŝ∣∣α〉n and thus, the equiva-
lence theorem fails to resemble classical statistical relations for 
the calculation of 〈ŝn〉 even if the state is P-classical. In fact, ex-
perimental procedures lead to measurement of sequence of quasi-
moments {〈: ŝn :〉}∞n=1 rather than {〈: ŝ :n〉}∞n=1. Consider the se-
quence of moments {〈: ŝn :〉}∞n=1 for a given quantum state ρ̂ . For-
mally, we can construct a characteristic function [9,10]

�(k) =
∞∑

n=0

(ik)n

n! 〈: ŝn :〉 =
〈
: eikŝ :

〉
,

which obeys �(0) = 1 and �∗(−k) = �(k). Finally, the related 
quasi-marginal distribution of P (α) can be defined as follows

μ(s) =
∫

dk

2π
�(k)e−iks = 〈: δ(s − ŝ) :〉

=
∫

d2αP (α)δ(s − s(α,α∗)). (2)

Therefore, if the quantum state is P-classical, then all the quasi-
marginals have all the properties of bona fide probability distribu-
tions. In contrast, if any of the marginals μ(s) fail to be positive, 
the quantum state is P-nonclassical. The Bochner’s theorem [11]
provides a necessary and sufficient criterion for classical behavior 
of the distributions μ(s), namely that, if it holds true that

D(G)

k = det
[
d(G)

i, j

]
> 0, d(G)

i, j =
〈
: ŝi+ j−2 :

〉
, 1 ≤ i, j ≤ k,

(3)

for all k ∈ N, then μ(s) is a legitimate probability density. Note 
that, all moments 

〈: ŝn :〉 calculated from the same quasi-marginal 
μ(s) corresponding to the same quasidistribution P (α) and in or-
der to certify the classicality of P (α) one must examine the clas-
sicality of a complete class of quasi-marginals [12,13].

3. Weak measurement and its classical counterpart

Let ŝ to be a target system observable with the corresponding 
eigenbasis {|sk〉}. Based on the von Neumann model for a pro-
jective measurement [14], a measuring device, or pointer, with 
pointer position and momentum operators X̂, P̂ interacts with the 
system via an impulsive Hamiltonian

Ĥ(t) = εδ(t)ŝ ⊗ P̂ .

Just before the measurement, the pointer is in a quantum state 
|ϕin〉 with position uncertainty σX . The measurement process is 
then represented by the following unitary evolution

Û = exp

(
− iε

h̄
ŝ ⊗ P̂

)
.

For a target prepared in the initial state |ψin〉 = ∑
k ck|sk〉 the final 

state of the combined target-pointer is given by

Û
∑

k

ck|sk〉|ϕin〉 =
∑

k

ck|sk〉exp

(
− i

h̄
εsk P̂

)
|ϕin〉.

The probability distribution of the pointer position right after the 
interaction is then given by

Pr′(X) ≡ Pr (X; |ψin〉, |ϕin〉, {sk}) =
∑

k

|ck|2 |〈X − εsk|ϕin〉|2 . (4)

Equation (4) represents a statistical mixture of a family of shifted 
forms of the initial distribution of the pointer position Pr(X) =
|〈X |ϕin〉|2. In projective measurements with σX � ε�s only one 
of the pointer positions Xk = εsk will randomly be obtained. This 
leads to the spectrum {sk} with outcome probabilities {|ck|2}. In 
weak measurements where σX  ε�s the shifted distributions in 
Eq. (4) overlap, nevertheless, the probe would on average give the 
correct mean value 〈ŝ〉.

The most interesting phenomena in weak measurements is that 
if a projective measurement of a second observable q̂ is carried 
out on the system and the eigenstate |q�〉 is postselected, then the 
state of the probe will be given by

|ϕf〉 =
∑

k

〈q�|sk〉cke− i
h̄ εsk P̂ |ϕin〉.

Therefore, instead of the probabilistic mixture of Eq. (4), we ob-
tain a coherent superposition of shifted probe states with the new 
coefficients 〈q�|sk〉ck . In view of these considerations, probe read-
ing |〈X |ϕf〉|2 conditioned by postselection in |q�〉 would not satisfy 
usual classical results. It can be shown that, for sufficiently weak 
measurements, the coordinate distribution of the pointer reads 
as [2]

|〈X |ϕf〉|2 = ∣∣〈X − Re〈ŝ〉w,q|ϕin
〉∣∣2

,

where the weak value 〈ŝ〉w,q is defined by

〈ŝ〉w,q = 〈q|ρ̂ ŝ|q〉
〈q|ρ̂|q〉 , ρ̂ = |ψin〉〈ψin|. (5)

It is also possible to use the von Neumann model for clas-
sical measurement processes [2]. Suppose that both the system 
and the probe can be described by classical phase space dis-
tributions W sys(q, p) and Wd(X, P ), respectively. Further assume 
that the initial state of the combined system-probe is the prod-
uct W = W sys(q, p)Wd(X, P ). A possible model for measuring the 
classical quantity s(q, p) consists of an impulsive interaction be-
tween the system and the probe, generating classical correlations 
between them, and final observation on the probe to extract dis-
tribution function Pr′(X) of the probe coordinate. Similar to the 
quantum scheme, the interaction Hamiltonian should be chosen as

H(t) = εδ(t)s(q, p)P .

The time evolution is governed by the classical Liouville’s equation

∂W

∂t
= {H, W } = εδ(t){s(q, p)P , W },
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