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Diffraction is a phenomenon linked to the wave nature of light
and occurs when a wave encounters an obstacle. The wave may
be altered in amplitude and/or phase when it passes through
an obstacle and diffraction takes place. In 1987, the term “non-
diffracting beams” was introduced by Durnin [1]. The nondiffract-
ing beam was comprehended as the monochromatic optical field
whose transverse intensity remains unchanged in free-space prop-
agation. Durnin examined the beams as exact solutions to the ho-
mogeneous Helmhotz equation. The transverse amplitude of such
beams can be described by the Bessel functions. Berry and Balazs
theoretically showed another nonspreading solution was available
for the Schrodinger equation describing a free particle [2]. They
showed that for a wave function in the form of an Airy function,
the probability density propagates in free space without distortion
and with constant acceleration. Other kinds of nondiffacing beams
and their properties were studied in [3,4].

In optics, the nondiffracting beam can be obtained in the con-
venient media such as waveguides or nonlinear materials [5-11].
Diffraction in an array of waveguides is governed by hopping light
from site to site by optical tunneling. By using the diffraction
properties of waveguide arrays, the discrete diffraction can be con-
trolled. Glauber Fock lattices refer to a special class of asymmetric
and semi-infinite tight-binding lattices with inhomogeneous hop-
ping rates. This kind of lattice has been introduced in [12,13]. The
light propagation in a Glauber-Fock waveguide lattice is equivalent
for the displacement of Fock states in phase space. The square-
root distribution of the coupling parameter in such lattices dis-

E-mail address: zdonmez@anadolu.edu.tr.

https://doi.org/10.1016/j.physleta.2018.02.037
0375-9601/© 2018 Published by Elsevier B.V.

plays a new family of intriguing quantum correlations not encoun-
tered in uniform arrays. The propagation of classical light waves in
Glauber-Fock photonic lattices was observed experimentally [13].
In these photonic lattices, refractive indices and second-neighbor
couplings define the mass and frequency of the analog quantum
oscillator. The quantum model conserves the Ermakov Lewis in-
variant [14]. Altough the photonic array is effectively semi-infinite
and the waveguide coupling is not uniform, Bloch-like revivals are
observed in these optical structures [15]. Dynamic localization in
Glauber Fock lattices has been studied in several papers [16-18].

In 1998, Bender et al. theoretically showed that a class of non-
Hermitian Hamiltonians, the so called P7 symmetric Hamiltoni-
ans, could have a real spectrum [19]. Since then, several examples
of this kind of Hamiltonians with real eigenvalues was introduced
in optics [20-27]. A coupled mode theory suitable for coupled
optical P77 symmetric systems has been developed in [20]. Con-
stant intensity supermodes in non-Hermitian lattices have been
considered in the framework of coupled mode theory [21]. Two
dimensional photonic crystal possessing periodic P7 symmetry
has been theoretically analyzed and found that optical modes ex-
hibits thresholdless spontaneous P77 symmetry breaking near the
Brillouin zone boundary [22]. Beam dynamics in P77 symmetric
periodic potentials has been examined for one and two dimen-
sional lattice geometries [23].

One of the intriguing aspect associated with non-Hermitian
Hamiltonian systems is the symmetry breaking at exceptional
points (EPs) which was introduced in [28]. The symmetry break-
ing takes the system from a regime of real energy eigenvalues to
a partial complex spectrum with conjugate pairs of eigenvalues.
At these points, two or more eigenvalues and their corresponding
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eigenvectors become identical. The appearance of EPs and spec-
tral singularities modify the dynamical and topological properties
of optical lattices [29-32]. EPs in non-Hermitian tight binding lat-
tice with unidirectional hopping have been theoretically investi-
gated for three geometrical settings including open linear chain,
finite linear chain and ring lattice [33]. Physical justification of
non-Hermitian lattices with unidirectional hopping have been sug-
gested in [34,35]. Experimental observation of EPs has been made
in microwave cavities [36]. Absence of EPs are another interesting
research area and it was investigated in square wave guide arrays
with diagonally balanced gain-loss distribution [37].

In this paper, we consider non-Hermitian Glauber Fock lattice
and investigate the EPs in its spectrum. In the next section, we give
the model describing the non-Hermitian system we investigate. We
discuss how we can engineer the system to get nondiffracting so-
lution and the reality of the energy spectrum. At the end of the
section, we sum up the results we get in the paper.

1. Model

We consider a semi-infinite and asymmetric Glauber-Fock lat-
tice which consists of evanescently coupled waveguides. The tun-
neling amplitude varies with the square root of the site number
n. Here, we assume the most general z-dependent tunneling and
z-dependent refractive index, where z is the normalized propaga-
tion distance. We consider a variant of the Glauber Fock lattice in
such a way that the system is non-Hermitian. The non-Hermiticity
of the system is defined by the parameter §. The complex field am-
plitude at the n-th waveguide c,(z) satisfies the following equation

i0z¢n + Fnep + J(vn+1cpp1 + (1 —8)/ncp—1) =0 (1)

where ] = J(z) is the z-dependent first order tunneling amplitude
through which particles are transferred from site to site, F = F(z)
is the z-dependent effective propagation constant proportional to
the effective refractive index and c,(z) is the field amplitude at
the n-th waveguide. For n < 0 c;(z) = 0. The parameter § is a real
valued constant and the system becomes Hermitian if § =0. The
system described above is non-P7 symmetric since the waveg-
uides are no longer equidistant. There exist no inversion symmetric
point in the system.

We follow the method introduced in [14,38] to get the analyti-
cal solution. We can define the state vector via the field amplitudes

0
as |Yn

n=0
and n=0,1,2,... [14]. Substituting this solution into the equa-
tion (1) gives the Schrodinger-like equation Hy =iy (i =1) with
the Hamiltonian

>:ch(z)|n >, where the state |n> is the Fock state

H:—(F(z)ﬁ+](z) ((1 —3)&+&T)) 2)

Here bosonic creation and annihilation operators satisfy

d'n>=vn+iln+1> and dn>=+nn—1>.
The number operator satisfies fijn >= njn >. At this point we can

. N i
rewrite the Hamiltonian using a = it and @ = u , Where ¢

V2 V2

and p normalized position and momentum operators, respectively.
Then the Hamiltonian becomes

2
p m 55 Jé . F
He—(2Z 1002 1 v21a- Lgrip- £ 3
<2m+2 q°++v2]q ﬁ(q+p) > (3)
where the z-dependent mass is m=1/F(z) and the z-dependent
frequency is w? = F(2)°.

The exact analytical solution of this Hamiltonian is available if
we make the variable change z— — z. This is the Hamiltonian of
a quantum harmonic oscillator which mass, frequency, and exter-

nal driving force are dependent on z. To get the solution, let us

q

transform the coordinate according to ¢’ = _—qc, where z depen-

dent function q.(z) describes translation and L(z) is a z dependent

dimensionless scale factor. The center of the wave packet moves

in accordance with g.(z) and the width of the packet changes in

accordance with L(z). Under this coordinate transformation, the

z-derivative operator transforms as 3z — 9z — L~ '(Lq' 4+q.)dq'. We

will look for the solution of the form
m]Jé

Wn(q/,z) = exp (I‘ - WLq/ +i1\) q)i;%/)

, the position dependent phase is

(4)

mJéq.
V2

A, ,2)=m (aq’ + gq’2 + s)

where "= —

and «, B, and S are z-dependent functions. Substituting this ansatz
into the corresponding Schrodinger-like equation results in an
equation including harmonic and linear potential terms. Therefore

_ : : m. 1., o,
we choose «(z) = Lq., B(z) =LL and S(z) + ES = ch - ch -
252 8 2 F
]T + j;; - \/_n{qc + o The resulting equation is given by
1 9% 2. 12 Lo}
—SZ U =i— 5
2mL28(q)2+( @) +UqHe = a7 (5)

where @ = L(i + Tt +@?L) and U = mL(; + Tq} + 0% +

] mJa Js
22— 2 — L
fm 2m+mﬁ+lf

lowing equations

). gc and L are satisfied by the fol-

. T 2 __i_ i § d(Jm)
QC+mQC+0) QC“F(\/E \/—)m \/—m dz

(6)

PPl =—— 7)
m m2L3

The equation (7), known as the Ermakov equation, is easy to solve

for the initial condition L(z=0)=0. Its solution is L(z) = 1. The

solution of equation (6) will be discussed below. With the help

of equations (6) and (7), the linear potential is eliminated from

equation (5). The solution for ¢,(q’) is found as

¢n(q') = Npexp (i 5

72
L)m@> 8)

1
where E, = (n + E)w and H, and N, are the Hermite polynomials

and the normalization constant respectively.

We can find the exact solution inserting equation (8) into equa-
tion (4). It is well known that eigenfunctions of non-Hermitian
Hamiltonians are not generally orthogonal to each other. This

fact can be seen here, / ¥ (g, 0)¥y (g, 0)dq # 8,y and we em-

phasize that this mtegral changes during propagation. Complex
amplitude in the n-th waveguide at the position z is given by
tn(2) =<v(q,2)In>.

Having established the exact analytical wave packet solution,
we can now discuss initial wave packet. Suppose that ¢.(0) =
['(0) = 0. The initial value of the total power Pg is given by the
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