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In an ideal linear amplifier, the output signal is linearly related to the input signal with an additive
noise that is independent of the input. The decoherence of a quantum-mechanical state as a result of
optical amplification is usually assumed to be due to the addition of quantum noise. Here we show that
entanglement between the input signal and the amplifying medium can produce an exponentially-large
amount of decoherence in an ideal optical amplifier even when the gain is arbitrarily close to unity

and the added noise is negligible. These effects occur for macroscopic superposition states, where even
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a small amount of gain can leave a significant amount of which-path information in the environment.
Our results show that the usual input/output relation of a linear amplifier does not provide a complete
description of the output state when post-selection is used.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A linear optical amplifier multiplies the input signal by a con-
stant gain g while adding noise that is independent of the input
[1-8]. It is generally assumed that all of the degradation of a quan-
tum state that occurs during amplification is due to the addition
of quantum noise. Here we show that entanglement between the
input signal and the amplifying medium in an ideal optical am-
plifier will generate “which-path” information that can produce an
exponentially-large amount of decoherence even when the gain is
arbitrarily close to unity and the added noise is negligibly small.
This situation occurs for inputs that are macroscopic superposi-
tion states, such as a Schrodinger cat, where even a small amount
of gain can result in a significant amount of which-path informa-
tion left in the environment. Our results show that the usual linear
input/output relation of an optical amplifier does not completely
describe the output state when post-selection techniques are used
to analyze the output.

To be more precise, the output of any linear optical amplifier in
the Heisenberg picture is given by [1-8]

&out=g&in+1§’- (1)

Here = (@+a")/+/2 is one of the phase quadratures of the signal
field, where a is the corresponding photon annihilation operator
and X;; and X,y describe the input and output of the amplifier.
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N is a noise operator that commutes with X;,, and a similar equa-
tion describes the other phase quadrature p = (@ — a')/+/2i. The
statistical properties of the quantum noise N have been analyzed
in detail [8] and it is generally considered to be the limiting factor
in the performance of an ideal optical amplifier.

In the limit where g — 1, N — 0 for an ideal amplifier and
Eq. (1) would seem to imply that there should be no significant
difference between the input and output fields. That is not the case
for macroscopic superposition states as will be shown below. Al-
though Eq. (1) is mathematically correct, Xy from Eq. (1) cannot
be used to calculate the variance and other higher-order moments
when post-selection is used. More generally, we will show that
the Heisenberg picture approach of Eq. (1) is not equivalent to us-
ing the Schrodinger picture when non-unitary transformations are
applied, as is the case in post-selection.

An optical parametric amplifier (OPA) is a commonly-used ex-
ample of a linear amplifier, and Caves et al. [8] showed that any
ideal (phase-insensitive) linear amplifier can be modeled by an
OPA. It is well known that an OPA produces entanglement between
the output signal and another optical mode known historically as
the idler, as illustrated in Fig. 1. For an OPA, N = —/g2 — 1§in,
where @i, is the X quadrature in the idler mode. The same results
apply to any ideal linear amplifier, including those based on an in-
verted atomic medium [9]. We will use an OPA to illustrate the
effects of entanglement on a quantum signal.

The linear relationship of Eq. (1) is only valid in the limit of a
strong pump, where the effects of saturation and fluctuations in
the pump field are negligible. We will assume throughout that this
condition is satisfied and that the pump can be treated classically.
A number of earlier papers [10-16] have investigated nonlinear
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Fig. 1. Amplification of a signal by a parametric amplifier. The Hamiltonian corre-
sponds to the annihilation of a photon from the pump beam accompanied by the
emission of a photon in both the signal and idler modes. The which-path infor-
mation produced by the entanglement between the signal and idler modes can
produce an exponentially-large amount of decoherence even in the limit of small
gain and negligible added noise.

phenomena that can occur when the pump is sufficiently weak
that saturation and fluctuations in the pump power are significant,
but those effects are unrelated to the decoherence of interest here,
which can occur even in an ideal linear amplifier in the limit of a
strong pump.

As an example of these effects, we consider the amplification of
Schrodinger cat states in the next section. We show that an ideal
amplifier can greatly reduce the visibility of the quantum interfer-
ence between the two terms in a cat state even when the quantum
noise is negligible. This situation is analyzed in more detail in Sec-
tion 3 using the Husimi-Kano Q -function, which allows the visi-
bility of the quantum interference to be calculated analytically. The
results from the Q -function calculation in the Schrodinger picture
are compared with the results of the Heisenberg picture in Sec-
tion 4. The implications of these results are discussed in Section 5
along with our conclusions.

2. Decoherence of Schrodinger cat states

The decoherence of a Schrodinger cat state by a parametric
amplifier will be considered in this section, where the most inter-
esting results correspond to the limit of g — 1. The decoherence
of the cat state can be measured using the interferometer arrange-
ment shown in Fig. 2. Earlier studies of the amplification of cat
states [4,17-28] did not consider the limit of g — 1 or the inter-
ferometer approach of Fig. 2.

The first step in this process is to generate a Schrodinger cat
state by passing a coherent state |cg) (laser beam) with complex
amplitude o in the signal mode through a single-photon inter-
ferometer that contains a Kerr medium [29] K in one path, as
illustrated by the state-preparation box on the left-hand side of
Fig. 2. A constant phase shift is applied in such a way that a net
phase shift of +¢ will be applied to the coherent state depending
on the path taken by the single photon 1, as illustrated in Fig. 3b.
We post-select on those events in which y; is detected in the de-
tector labeled D1 in Fig. 2, which produces a Schrodinger cat state
[30-32] given by

1) = ([ect0) + e~ %ao)) 101) /2. @)

Here we have assumed that the idler mode of the OPA is initially
in its vacuum state |0;). The normalization of Eq. (2) also assumes
that ¢ is sufficiently large that there is negligible overlap between
the two coherent-state components.

The signal mode is then amplified using an OPA with a gain
g =1+ &, which will increase the amplitude of the signal by a
relatively small amount for € << 1 as illustrated in Fig. 3c. The
amplification will also displace the idler mode in accordance with
the relations [7,8]

Gout = &qin — V g2 —1&in
Fout = &7in + V g2 — 1pin,

(3)
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Fig. 2. Testing the properties of a parametric amplifier by generating a quantum
state, passing it through an amplifier, and then analyzing the properties of the out-
put state. Here a Schrodinger cat state is first produced by passing a coherent state
through a single-photon interferometer with a Kerr medium K in one path. After
amplification, a second single-photon interferometer will produce quantum interfer-
ence between the two components of the cat state when a homodyne measurement
indicates a net phase shift near zero, as illustrated in Fig. 3. This allows a measure-
ment of the amount of decoherence due to entanglement between the signal and
idler modes in the amplifier, which can occur even when the quantum noise is neg-
ligibly small. Here y; and y; represent single photons, D1 and D; are single-photon
detectors, and the pump beam for the parametric amplifier is not shown.
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Fig. 3. Qualitative phase-space description of the interferometer system of Fig. 2,
where x and p correspond to the two quadratures of the fields. (a) The initial state
in which the signal mode is a coherent state with amplitude o as represented by
the upper (black) circle, while the idler mode is in its vacuum state represented by
the lower (green) circle. (b) The state of the system after the first single-photon in-
terferometer, where there are equal probability amplitudes that the signal mode has
been shifted in phase by +¢. (c) Entangled state created by the parametric amplifier
of Fig. 1, where the signal and idler modes have been displaced in correlated direc-
tions. (d) The state of the system after the final single-photon interferometer, where
a second phase shift of +¢ can recombine the two components of the Schrodinger
cat. The visibility of the quantum interference between these two probability ampli-
tudes is reduced exponentially by the remaining entanglement with the idler mode.

where 7 is the other phase quadrature for the idler. This creates
entanglement between the signal and the idler modes, since the
idler mode is displaced in different directions in phase space for
the two Schrodinger cat state components, as illustrated by the red
and blue colors in Fig. 3c. It is important to note that the change
in the idler can be much larger than the change in the signal, since
Vg2 — ~\2e >>¢fore<<1.

After the amplifier, the coherence properties of the output sig-
nal are analyzed using another single-photon interferometer with
a Kerr medium as shown in the analyzer box on the right-hand
side of Fig. 2. This process also applies a phase shift of +¢, where
we post-select on single photon j, having been detected in D,.
The net phase shift after the second interferometer will be either
0 or £2¢ as indicated by the arrows in Fig. 3d. The phase of the
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