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We analytically obtain the precision bounds of frequency measurements in correlated Markovian and
non-Markovian environments using a variational approach. The metrological equivalence of product
states and maximally entangled states persisting in maximally correlated Markovian and non-Markovian
environments is verified using a standard Ramsey spectroscopy setup. Furthermore, we find that optimal
measurements can be used to achieve a much higher resolution than standard Ramsey spectroscopy in
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1. Introduction

Quantum metrology is a fundamental and important subject
concerning the estimation of parameters under the constraints of
quantum dynamics [1-5]. In order to assess the performance of a
parameter estimation technique, one often utilizes analytic bounds
on the error. For the mean-square error criterion, the Cramér-Rao
bounds [6-8] are the most well known.

Environments can significantly impact quantum systems, play-
ing a very important role in quantum metrology. Without suf-
fering from environments, entangled states can achieve a higher
resolution than the precision limits achievable with uncorrelated
probes [9,10]. In real experiments, environments induce decoher-
ence of systems, which can affect the measurement precision.
Huelga et al. [11] first studied precision spectroscopy in the pres-
ence of Markovian dephasing, and showed that given a fixed num-
ber of particles n and a total available time T, uncorrelated and
maximally entangled particles could achieve exactly the same pre-
cision when subject to Markovian dephasing. Recently, Matsuzaki
et al. [12] and Chin et al. [13] independently explored quantum
metrology in uncorrelated non-Markovian environments, demon-
strating that metrological equivalence does not hold when the sys-
tem is subject to non-Markovian dephasing.
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Although environments can induce negative effects on the
system, correlated environments may be useful. Correlations be-
tween environments can increase the quantum efficiency of trans-
port [14]. In photosynthetic light harvesting, environmental corre-
lation effects assist the excitation energy transfer [15]. Correlated
environments can generate strong nonlocal memory effects, even
though the local dynamics are Markovian [16]. The roles of en-
vironmental correlations have also been investigated in the non-
Markovian dynamics of a spin chain system [17]. A generalized
nonequilibrium fluctuation-dissipation relation has been found for
strongly correlated environments [18]. Within a correlated envi-
ronment, the structure of a quantum computer protected from
decoherence has been analyzed, and the scaling equation obtained
reflects competition between the dimension of the quantum sys-
tem and the scaling dimension of the correlations [19].

In this study, we analyze whether metrological equivalence per-
sists when a complete system composed of n two-level particles
suffers from correlated Markovian and non-Markovian environ-
ments, which has been unexplored thus far. Trivially, correlated
environments improve the precision by reducing the global de-
phasing rate. Remarkably, the correlation between environments
could potentially enhance the precision when correlated environ-
ments maintain or increase the dephasing rate of the entire sys-
tem. Therefore, we are interested in the best resolution that can be
achieved by performing optimal measurements in correlated envi-
ronments.

To study the precision bounds, we use the variational ap-
proach [20] in combination with some symmetries. Further-
more, we solve the open question left by Ref. [13]: whether the
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improvement of the precision bounds by the optimal measure-
ment is on the order of 1 in uncorrelated Markovian as well as
non-Markovian environments. For solving this problem with re-
spect to correlated environments, we define a general function
F(w) (in Section 3), which can effectively express the impact of
correlations among environments on the dephasing rate. Interest-
ingly, we find that standard Ramsey spectroscopy is not optimal in
correlated environments, and the optimal measurement can yield a
much lower frequency uncertainty (better resolution). If the initial
probes are in the product state, the precision bound decreases with
the interrogation time t when the number of particles n is even.
Thus, if experiments allow, the precision bound can be close to 0
when the interrogation time ¢ is very large. Furthermore, when the
number of particles n is odd, the precision bound is independent
of the interrogation time t. The same situation exists when the ini-
tial probes are prepared in the maximally entangled state. These
results indicate that certain symmetries play an important role
in the achievable resolution. On the other hand, in some special
non-Markovian environments, the opposite case exists. Moreover,
compared with the uncorrelated environment case, the correla-
tions allows us to obtain a better resolution by using the optimal
measurement.

The remainder of this article is arranged as follows. In Sec-
tion 2, we study the precision bounds in uncorrelated Marko-
vian and non-Markovian environments with the help of the varia-
tional approach. The precision bounds in correlated Markovian and
non-Markovian environments are primarily explored in Section 3.
In Section 4, we discuss about the definition of Markovianity and
non-Markovianity, the influence of odd and even particles on the
precision bound, and the maximally correlated environments in
the experiment. We draw our conclusions in Section 5.

2. Uncorrelated environments

Let us consider a global system composed of n particles. The
Hamiltonian of each particle is described by woZ (h =1 through-
out), where the eigenvectors of the Pauli operator Z are denoted
by (|0), |1)). The n particles suffer from the corresponding n un-
correlated environments, which induce pure dephasing. The time
evolution of the reduced density matrix of the system (for one par-
ticle) is given by

pii (t) = 0ii(0), (1)
po1(t) = po1(0)e~2r®, (2)
fori=0,1.

When an environment induces pure Markovian dephasing, the
function y(t) = yt, where y is the decay rate. Ramsey spec-
troscopy [21] obtains the same frequency resolution for both the
maximally entangled state and the product state (using the same
notation of Refs. [11] and [13]):

2e
18wole] = l8wolu| = | .. (3)

where T denotes the total duration of the experiment, and wq is
the atomic frequency.

The optimal frequency resolution from the best measurement
can be obtained using the variational approach in Ref. [20]. The
quantum Fisher information (QFI) is given by
(@) 4)

Fol[ps@®)] = mm 4<[H(¢>

in which, 72<¢> = Ifts.s<¢> — he (@) (see Appendix A), |5 £(¢) is
any purification of gs(¢), and hg is the Hermitian operator in the

environment space. Moreover, ¢ is the detuning between the fre-
quency w of the external oscillator and the atomic frequency wg
to which we intend to lock it. The best resolution is described by
the expression

1
P S — (5)
NFqlos(9)]
where the total number of experiment data N =T /t.
According to the principle of variational approach in Ref. [20]
(see Appendix A), we choose the state

|(DS E(¢) He—l¢t2,/2 —larccos(,/P(yt )Z,Yl |w |0) (6)

i=1

where P(yt) = M Zi and Y[ are Pauli operators for the

ith system and env1ror1ment respectlvely, and |¢) denotes the ini-
tial state of the whole system. Suppose that the n systems are
completely identical and that the corresponding n environments
are also identical. Based on the symmetry, the Hermitian operator
is given by

n
he@)=> aXf+pBYF+5zf, (7)
i=1
where «, 8, and § are three variational parameters. Then, substi-
tuting Eq. (6) and Eq. (7) into Eq. (4), we can obtain the minimum
value by taking the derivative of above three variational parame-
ters. As a result, the resolution is given by

n 2
Swd(t) = (1 —<ZZi/n> ) 1 +nq[2>;pz(T2tyt) - 1]’ ®)
v

i=1

AL Zi/)?
1=(iLy Zi/n)y,

2 . . . .
[8cwolopt = +/ n—’; at the optimal interrogation time t = 3 f which

occurred when g =1, (31, Z,-/n)zl/, =0, and n > 1. Compared to
the Ramsey spectroscopy case in Eq. (3), the maximum improve-
ment of /e in the resolution can be achieved by the optimal
measurement.

Next, we consider that the environments induce pure non-
Markovian dephasing. Similarly to Ref. [13], we utilize the simple
power law form of y(t) =yt for non-Markovian dephasing. Note
that the v =1 case corresponds to the Markovian case. Moreover,
the v =2 case is not a specific feature of the chosen model; it is
a general consequence of the unitary evolution of the total system
and environmental state.

Using the Ramsey spectroscopy setup, the resolution for an ini-
tial preparation of n particles in the product state (%)‘8" and

|O)®”+|l)®"
V2

where g = [22]. The best resolution is described by

the maximally entangled state are given by

ey v)1/v
SwolulR = [ X 9)
nT

with the optimal interrogation time t, = (2}1,—”)“/”);

R | QReywn)l/v
[8wolel™ = PESIDr

with the optimal interrogation time t, =

(10)

v, respectively.

1
(Znyu)

v
For the non-Markovian case, the function P(yt) = %

in Eq. (6). The optimal measurement achieves the following reso-
lution, which is similar to that shown in Eq. (8):
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