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a b s t r a c t

In this paper, we present analytic-approximate solution of time-fractional Zakharov-Kuznetsov equation.
This model demonstrates the behavior of weakly nonlinear ion acoustic waves in a plasma bearing cold
ions and hot isothermal electrons in the presence of a uniform magnetic field. Basic definitions of frac-
tional derivatives are described in the Caputo sense. Perturbation-iteration algorithm (PIA) and residual
power series method (RPSM) are applied to solve this equation with success. The convergence analysis is
also presented for both methods. Numerical results are given and then they are compared with the exact
solutions. Comparison of the results reveal that both methods are competitive, powerful, reliable, simple
to use and ready to apply to wide range of fractional partial differential equations.

� 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

Fractional calculus has been studied by increasingly interest
in recent years and has been extensively investigated and
applied for many real problems which are modeled in various
areas of science and engineering. Besides it has been the focus
of many studies due to their frequent appearance in various
applications such as fluid mechanics, thermodynamics, biology,
electrical circuits and control theory. Therefore, a comprehensive
attention has been noted to obtain numerical and analytic-
approximate solutions of FDEs. These methods that have been
used for different types of non-fractional and fractional differen-
tial equations include, Adomian decomposition method (ADM)
[1,2] for fractional diffusion equations and for linear and
nonlinear systems of fractional differential equations, homotopy
perturbation method (HPM) [3–5] for Klein-Gordon equation,
fractional IVPs and coupled system of partial fractional differen-
tial equations, homotopy analysis method [6–9] for fractional
Hirota equations, time fractional PDEs, Sturm-Liouville problems
and systems of nonlinear fractional differential equations,
variational iteration method [10–12] for seepage flow problems,
time-fractional partial differential equations and Zakharov-
Kuznetsov equation, perturbation methods [13–15] for nonlinear

problems in science and engineering and perturbation-iteration
algorithm [16–22] for Bratu-type equations, nonlinear heat
transfer equations, first-order differential equations, Fredholm
and Volterra type integral equations and ordinary fractional
differential equations.

In this paper, firstly, we proposed fractional Zakharov-
Kuznetsov equation, then we described perturbation-iteration
algorithm and in the next part, we investigated convergence anal-
ysis of PIA. Then we explained residual power series method
(RPSM) in order to implement on Zakharov-Kuznetsov equation.
After introducing RPSM, we described its convergence analysis
and then we presented one example that shows reliability and effi-
ciency of two methods in order to compare their numerical results.
At last, we discussed about obtained results as a section for
conclusion.

In this paper, the fractional Zakharov-Kuznetsov equation con-
sidered is of the form:

Da
t uþ aðupÞx þ bðuqÞxxx þ bðurÞttx ¼ 0 ð1Þ

where u ¼ uðx; y; tÞ, a is order of the fractional derivative
ð0 < a 6 1Þ, a and b are arbitrary constants and p; q and r are inte-
gers and p; q; r – 0 that demonstrate the behavior of weakly nonlin-
ear ion acoustic waves in a plasma comprising cold ions and hot
isothermal electrons in the presence of a uniform magnetic field
[23,24]. Firstly, the Zakharov-Kuznetsov equation was formulated
for describing weakly nonlinear ion-acoustic waves in strongly
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magnetized lossless plasma in two dimensions studied in [25].
The FZK equations have been solved by means of VIM in [26] and
HPM in [27].

Basic definitions

Definition 1. A real function f ðtÞ, t > 0 is said to be in the space Cl,
ðl > 0Þ if there exists a real number pð> l) such that f ðtÞ ¼ tpf 1ðtÞ
where f 1 2 C½0;1Þ and it is said to be in the space Cm

l if

f ðmÞ 2 Cl;m 2 @ [28].

Definition 2. The Riemann-Liouville fractional integral operator
ðJaÞ of order aP 0 of a function f 2 Cl, lP �1 is defined as [29]:

Jaf ðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1f ðsÞds; a; t > 0 ð2Þ

and J0f ðtÞ ¼ f ðtÞ, where C is the well-known gamma function. Then
the following properties hold for f 2 Cl, lP �1, a, b P 0 and
k > �1.

� JaJbf ðtÞ ¼ Jaþbf ðtÞ
� JaJbf ðtÞ ¼ JbJaf ðtÞ
� Jatk ¼ Cðkþ1Þ

Cðkþ1þaÞ t
kþa.

Definition 3. The Caputo fractional derivative of a function f of
order a, f 2 Cm

�1, m 2 @ [ f0g, is defined as [30]:

Daf ðtÞ ¼ Jm�af ðmÞðtÞ

¼ 1
Cðm� aÞ

Z t

0
ðt � sÞm�a�1f ðmÞðsÞds; a; t > 0 ð3Þ

where m� 1 < a < m with the following properties;

� Da af ðtÞ þ bgðtÞð Þ ¼ aDaf ðtÞ þ bDagðtÞ, a; b 2 R,
� DaJaf ðtÞ ¼ f ðtÞ,
� JaDaf ðtÞ ¼ f ðtÞ �Pk�1

j¼0 f
ðjÞð0Þ t j

j! , t > 0.

Overview and convergence of the PIA(1,1)

In this study, we first develop PIA approach in order to solve
fractional Zakharov-Kuznetsov equation. To obtain the approxi-
mate solution of this model, we introduce and present
perturbation-iteration algorithm PIA(m,n) by taking m ¼ 1 as
one correction term in the perturbation expansion and n ¼ 1 as
correction terms of just first derivatives in the Taylor series
expansion.

Now, we consider the following initial value problem as
follows:

F uðaÞ
t ;ux;uxxx;uttx; e

� �
¼ 0 ð4Þ

uðx; y;0Þ ¼ c

where u ¼ uðx; y; tÞ and e is a small perturbation parameter. The
perturbation expansions with only one correction term is

unþ1 ¼ un þ eðucÞn ð5Þ
Substituting Eq. (5) into Eq. (4) and writing in the Taylor Series
expansion for first order derivatives in the neighborhood of e ¼ 0
gives

F ðuðaÞ
n Þt; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
þ FuðaÞt

ðuðaÞ
n Þt; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
e ðuðaÞ

c Þt
� �

n

þ Fux ðuðaÞ
n Þt; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
e ðucÞx
� �

n

þ Fuxxx ðuðaÞ
n Þt; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
e ðucÞxxx
� �

n

þ Futtx ðuðaÞ
n Þt ; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
e ðucÞttx
� �

n

þ Fe ðuðaÞ
n Þt ; ðunÞx; ðunÞxxx; ðunÞttx;0

� �
e ¼ 0 ð6Þ

or

F
e
þ ðuðaÞ

c Þt
� �

nFuðaÞt
þ ðucÞx
� �

nFux þ ðucÞxxx
� �

nFuxxx þ ðucÞttx
� �

nFuttx þ Fe ¼ 0

ð7Þ
where FuðaÞt

¼ @F
@uðaÞt

, Fux ¼ @F
@ux

, Fuxxx ¼ @F
@uxxx

, Futtx ¼ @F
@uxxx

and Fe ¼ @F
@e.

All derivatives in the expansion are evaluated at e ¼ 0. For this
reason in the calculation procedure, each term is obtained when e
tends to zero. Beginning with an initial function u0ðx; y; tÞ, first
ðucÞ0ðx; y; tÞ is determined by the help of Eq. (7). Then using Eq.
(5), nþ 1-th iteration solution is found. Iteration process is
repeated using Eqs. (7) and (5) until obtaining an acceptable result.
After presenting the convergence of PIA method, an example is
given to show reliability and effectiveness of the method. The
aim of this paper is to obtain approximate solutions of the frac-
tional Zakharov-Kuznetsov equation by PIA and RPSM and to
determine series solutions with high accuracy.

Regards the convergence of PIA, we present the following
theorem.

Theorem 1. PIA(m;n) converges to Eq. (1) for m ¼ 1 and n ¼ 1 when
ukþ1 � ukk k 6 e0 and e0 ! 0.

Proof. The general iteration formula of PIA(m;n) for m ¼ 1 and
n ¼ 1 according to do some computations on Eq. (7) in k-th and
kþ 1-th step results as follows:

u0
kðtÞ þ

Fuk

Fu0
k

ukðtÞ ¼ � Fe þ F
e

Fu0
k

ð8Þ

u0
kþ1ðtÞ þ

Fukþ1

Fu0
kþ1

ukþ1ðtÞ ¼ � Fe þ F
e

Fu0
kþ1

ð9Þ

Then, by categorizing the elements F, Fu, Fut and F� in PIAð1;1Þ based
on Eq. (1), we have:

F ¼ ut ; Fu ¼ 0; Fut ¼ 1; Fe ¼ �ut þ aup
x þ buq

xxx þ bur
ttx þ uDa

t

So, by substituting these elements in PIA formula, we have:

u0
kðx; y; tÞ ¼ �

�
�ukðx; y; tÞ þ Da

t ukðx; y; tÞ þ aðukðx; y; tÞÞpx

þ bðukðx; y; tÞÞqxxx þ bðukðx; y; tÞÞrttx þ
ukðx; y; tÞ

e

�
ð10Þ

Thus, we can write it in k-th and kþ 1-th steps as follows:

u0
kðx; y; tÞ ¼

�
ukðx; y; tÞ � Da

t ukðx; y; tÞ � aðukðx; y; tÞÞpx

� bðukðx; y; tÞÞqxxx � bðukðx; y; tÞÞrttx �
ukðx; y; tÞ

e

�
ð11Þ

and

u0
kþ1ðx; y; tÞ ¼

�
ukþ1ðx; y; tÞ � Da

t ukþ1ðx; y; tÞ � aðukþ1ðx; y; tÞÞpx

� bðukþ1ðx; y; tÞÞqxxx � bðukþ1ðx; y; tÞÞrttx �
ukþ1ðx; y; tÞ

e

�
ð12Þ
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