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a b s t r a c t

The distributions of properties across the thickness (core) and in the plane (face sheets) that minimise the
interlaminar stresses at the interface with the core are determined solving the Euler–Lagrange equations
of an optimisation problem in which the membrane and transverse shear energy contributions are made
stationary. The bending stiffness is maximised, while the energy due to interlaminar stresses is mini-
mised. As structural model, a refined zig-zag model with a high-order variation of displacements is
employed. Simplified, sub-optimal distributions obtainable with current manufacturing processes appear
effective for reducing the critical interfacial stress concentration, as shown by the numerical applications.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Sandwich structures are broadly used because they offer a high
bending stiffness with the minimum mass, but also by virtue of
their capability to be tailored in order to meet design require-
ments, their high damping properties and the great potential for
impact protection, containment of explosions and projection of
fragments [1] they offer. Unfortunately they suffer from strong
stress concentrations at the interfaces among the face sheets, the
weak adhesive layer and the core, as a consequence of the dis-
tinctly different properties of these materials in contact. It repre-
sents a critical design concern since it can have detrimental
effects on structural performance and service life and can cause a
premature failure at load levels much lower than the ultimate load.
A number of sophisticate models has been recently published in
order to accurately and efficiently predict these potentially delete-
rious effects, whose discussion is outside the purpose of this paper
(see, e.g., the comprehensive review paper by Noor et al. [2] for de-
tails). It is just remarked that, in order to accurately predict the
stress fields, the sandwich structural models have to account for
the core deformability under compression and shear, as well as
for the through-the-thickness shear and normal stresses continuity
at the face–core interfaces necessary for keeping equilibrium. The
recent fast growing interest to new technologies has provided an
excellent opportunity for refining these models and, in general,
the studies on sandwich composites. Some high-order models for

the analysis of sandwich composites can be found in Li et al. [3],
Li and Kardomateas [4], Frostig [5] and Schwarts-Givli et al. [6].

New perspectives of solution for the stress concentration prob-
lem are represented by nano-technologies (see, e.g., Mahfuz et al.
[7]) and functionally graded materials – FGM – (see, e.g., Suresh
and Mortensen [8] and Fuchiyama and Noda [9]), because they en-
able either development of new high performance materials with
improved damage tolerance, or a smooth property variation that
can optimise some structural functions. Moreover, Aliaga and Red-
dy [10] proposed a study on FGM by a third-order plate theory.
Although these new technologies are in their infancy, their poten-
tial advantages appear great. In the immediate future, the best
chance for fully exploiting the lightweighting potential of sand-
wich composites appears to be the tailoring optimisation of the
face sheets combined with a functionally graded core. To minimise
the change in stiffness and then the interlaminar stress concentra-
tion at the interface, the core should have smoothly property vari-
ations across the thickness, that at this position are similar to those
of the faces (see, e.g., Apetre et al. [11]).

While the FGM do not complicate so much the simulation, or
even make it much easier by virtue of their smooth property vari-
ation, they obviously represent manufacturing complications. The
methods till now proposed have been developed for thermal coat-
ings and thermal protection systems (see, e.g., [12–16]), but it is a
common opinion that the technology is mature for the production
of core foams with a desired variation of properties.

Based on this consideration, recently, a series of papers has been
presented by Sankar and Tzeng [17], Sankar, [18], Venkataraman
and Sankar [19] and Apetre et al. [20] about FG laminated and
sandwich beams with FG cores. The materials were assumed
to be isotropic and with an exponential variation of the elastic
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stiffness coefficients across the thickness, in order to allow exact
elasticity solution via Fourier transform methods. Polynomial dis-
tributions were considered by Apetre et al. [11,21] and Zhu and
Sankar [22], who used the Galerkin method. These studies focusing
on the capability of FGM to reduce the stress concentrations
encourage both the development of new methods for the produc-
tion of foam core materials with FG properties and further theoret-
ical developments in order to understand which property
distribution achieves the wanted properties.

In the present paper, a numerical study of the potential advan-
tages of combining tailoring optimisation and FGM is presented. A
new optimisation technique recently developed by the authors
[23] is employed for finding the orientation of the reinforcement
fibres of the face sheet layers and the law of variation of the core
properties across the thickness, able to minimise the interlaminar
stress concentration. A refined zig-zag model is employed as struc-
tural model, in order to accurately and efficiently account for the
interfacial stress continuity conditions. To make the structural
model more efficient, a strain energy updating procedure is em-
ployed, like in Ref. [24]. The basic idea is to carry out the analysis
with a classical C� parent finite element model based on the First-
Order Shear Deformation Plate Theory-FSDPT and to update its en-
ergy to that of the zig-zag model in the post-processing phase,
where the stresses are computed.

2. Structural model

2.1. Kinematics

Assume the sandwich panel to consist of S layers with different
thickness and material properties, the core being treated as a thick
layer in a multilayer construction (the accuracy of this hypothesis
will be assessed in Section 4). In order to accurately capture the
stresses fields across the thickness, the whole set of displacement
and stress contact conditions has to be fulfilled at the interfaces
of the constituent layers. To this purpose, the displacement field
is represented as

Uðx; y; zÞ ¼ uðx; y; zÞ þ Uðx; y; zÞ ð1aÞ
Vðx; y; zÞ ¼ vðx; y; zÞ þ Vðx; y; zÞ ð1bÞ
Wðx; y; zÞ ¼ f 1

wðx; y; zÞ þ f 2
wðx; y; zÞ ð1cÞ

according to Ref. [23]. Like for equivalent single-layer models, u and
v give contributions to in-plane displacements that are continuous
together with their first derivatives across the thickness

uðx; y; zÞ ¼ uð0Þ þ zðcð0Þx �wð0Þ;x Þ þ z2Cxðx; yÞ þ z3Dxðx; yÞ ð2aÞ
vðx; y; zÞ ¼ v ð0Þ þ zðcð0Þy �wð0Þ;y Þ þ z2Cyðx; yÞ þ z3Dyðx; yÞ ð2bÞ

while

Uðx; y; zÞ ¼
XS�1

k¼1

ðkÞ/xðx; yÞðz�
ðkÞ

ZþÞHk ð3aÞ

Vðx; y; zÞ ¼
XS�1

k¼1

ðkÞ/yðx; yÞðz� ðkÞZþÞHk ð3bÞ

are continuous, but have discontinuous first derivatives at the inter-
faces. The two contributions to the transverse displacement have
the following explicit expressions

f 1
wðx;y;zÞ¼aðx;yÞ ð4aÞ

f 2
wðx;y;zÞ¼zbðx;yÞþz2cðx;yÞþz3dðx;yÞþz4eðx;yÞ

þ
XS�1

k¼1

ðkÞwxðx;yÞðz�ðkÞZþÞHkþ
XS�1

k¼1

ðkÞwyðx;yÞðz�ðkÞZþÞ
2
H:k

ð4bÞ

a being assumed as the transverse displacement on the reference
mid-plane w(o). Also in this case, a field with discontinuous deriva-
tives is superposed to a polynomial representation. The continuity
functions ðkÞUx, ðkÞUy,ðkÞwx and ðkÞwy are determined enforcing the con-
tinuity of the transverse shear and normal stresses rxz, ryz, rzz and of
the gradient rzz,z at the interfaces, as prescribed by the elasticity the-
ory. The functionsCx;, Cy, Dx, Dy, b, c, d, e are determined enforcing the
fulfilment of the boundary conditions at the upper and lowers faces.

Note that the functional degrees of freedom u(o), v(o), w(o), cx and
cy coincide with those of conventional equivalent single-layer plate
models. This will enable the possibility to update the strain energy
of these models to that of the present model, with the purpose and
the technique described hereafter. The zig-zag model is used in the
optimisation process of Section 3, while the analysis of the opti-
mised solutions is carried out as outlined in the following section.

2.2. Energy updating

Unfortunately, a direct finite element formulation by the zig-zag
model of Eqs. (1)–(4) involves second order derivatives of the nodal
d.o.f. that make the element inefficient. Since, a finite element ap-
proach is required for treating the spatial variation of the mechanical
properties set by the optimisation process, the problem is here over-
came updating the strain energy of a C� parent finite element model
based on the FSDPT, through the technique of Ref. [24]. This element
is used for a preliminary analysis, then its energy is updated in the
post-processing phase to that of the zig-zag model. As a result of this
process, corrective terms for the d.o.f. of the FSDPT are computed and
used for the stresses analysis. A broad summary of this technique is re-
ported hereafter.

The first operation is the interpolation and smoothening of the
results by the FSDPT finite element analysis at discrete points, in
order to compute the derivatives from the interpolation instead
from the representation (with a lower order) by the shape func-
tions. For this operation, spline functions are used. In this phase,
the kinematics of the FSDPT model is made consistent with that
of the zig-zag model, i.e. hx ¼ zðcð0Þx �wð0Þ;x Þ, hy ¼ zðcð0Þy �wð0Þ;y Þ. As-
sume u(o), v(o), w(o), cx and cy as the functional d.o.f. of the FSDPT
model, while the homologous terms of the zig-zag model be indi-
cated by the superscript ()�. All the updating operations be carried
out using corrective terms, i.e.

~uð0Þ ¼ ûð0Þ þ Dûð0Þ ð5aÞ
~v ð0Þ ¼ v̂ ð0Þ þ Dv̂ ð0Þ ð5bÞ
~wð0Þ ¼ ŵð0Þ þ Dŵð0Þ ð5cÞ
~cð0Þx ¼ ĉð0Þx þ Dĉð0Þx ð5dÞ
~cð0Þy ¼ ĉð0Þy þ Dĉð0Þy ð5eÞ

It is remarked that u(o), v(o), w(o), cx and cy are computed by the
FSDPT finite element model, while the corrective terms are unknown
quantities tocompute equating the energy contributions of interest by
the penalty function method. The continuity functions ðkÞUx, ðkÞUy are
preliminarily computed in an approximate way assuming w = w(o), i.e.
f 2
w ¼ 0, then they are made consistent with the present zig-zag model

making the transverse shear strains exz,eyz least square compatible
with their consistent counterparts. This is numerically more efficient
than calculating them directly from the contact condition.

The updating of the transverse shear energy is performed
equating these two homologous quantities for the zig-zag and
FSDPT models

ðqe þ DqeKÞ
T K fsdptðqe þ DqeKÞ ¼ qT

e Kzig-zagqe ð6Þ

where qe represents the vector of nodal d.o.f., DqeK the corrective
terms and K is the stiffness matrix (only the rows and columns rel-
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