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Une étude rigoureuse du comportement asymptotique du systéme constitué par une plaque

Mots-clés : linéairement piézoélectrique collée sur un corps linéairement élastique fournit divers
l’atd}e‘s P{EZOEIECtrqulés modeéles de contrdle de structures élastiques par des patches piézoélectriques.
Modélisation asymptotique © 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Réduction de dimension

1. Introduction

Many studies dealing with the mathematical modeling of piezoelectric devices were devoted to the behavior of the sole
patches and provided various asymptotic models for thin linearly piezoelectric plates (see [1] and the references therein).
However, the essential technological interest of piezoelectric patches being the monitoring of a deformable body they are
bonded to, here we intend to propose various asymptotic models for the behavior of the body through the study of the system
constituted by a very thin linearly piezoelectric flat patch perfectly bonded to a linearly elastic three-dimensional body.
A reference configuration for the body is an open set §2 laying in {x3 < 0} whose part of its Lipschitz-continuous boundary
052 is a non-empty domain S in {x3 = 0} and such that S x (—L, 0) is included in §2 for some positive real number L, while
the patch occupies B¢ := S x (0, ¢), & being a small real number; let O¢ := §£2 U S U B®. The body is clamped on a part I
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of 362\ S with a positive two-dimensional Hausdorff measure 7, (Ip), and subjected to body forces and surface forces on
It := 082\ (S§U Ip) of densities f and F. Moreover, for all § in R, let S® denote S + 8es, {e1, ez, e3} being a basis of the
Euclidean physical space assimilated to R3, surface forces of density G acts on S¢ whilst the patch is free of mechanical
loading and electric charges in B¢ and on its lateral boundary 39S x (0, ). If u®, e(u®), o¢ denote the fields of displacement,
strain and stress in Of and @, D? stand for the electric potential and the electric displacement, part of the equations
describing the electromechanical equilibrium read as:

dive®=f in0O° u®=0 only, o®n=F only, o®n=G® onS% o®n=0 ondS x(0,¢)
divD® =0 in B¢, D¢ -n=0 onadS x (0,¢) (1)

1
of=ae(u®) ing2, (ag,Dg)ng(e(ug),V(pg) in B¢
f is the extension of f to B¢ by 0, n is the unit outward normal and a denotes the elasticity tensor which satisfies:
aeL°°(.Q;Lin(S3)), Jc;clef* <ax)e-e, VeeS®, ae.xef (2)

where Lin(SM) is the space of linear operators on the space SN of N x N symmetric matrices whose inner product and norm
are noted - and |-| as in R3. If H:=S3 x R3 is equipped with an inner product and a norm also denoted as previously,
then M is an element of L°°(S x R; Lin(H)) independent of x3 satisfying:

M=|:ﬁaT _yﬂ] I >0; kle?<axe-e, k|gP<yx)g-g Vi g eH, aexeSxR (3)

The models will be distinguished according to the additional necessary boundary conditions on S¢ and S, characterized by
an index p in {1, 2}%. Case p; = 1 corresponds to a condition for the electric displacement on S¢:
on S¢ (4)

q° being a density of electrical charges, while p; =2 corresponds to a condition of given electrical potential:

£

D% -n=gq

¢*=¢; ons* (4)2

roughly speaking, p; = 1 deals with patches used as sensors, whereas p; = 2 concerns actuators (see [1,2]). Index p>
accounts for the status of the interface between the patch and the body: p; =1 corresponds to an electrically impermeable
interface, p, =2 corresponds to a grounded interface:

D®-n=0 onS$ (5h
*=0 onS (5),
It will be convenient to use the following notations:
k=8, é:=apla penz, L:=(g1.82), Vk=(e,g)cH
eeS®  Eyp=eap, 1<, f<2,  &3=0, 1<i<3,VeeS?
k(r) =k(v. ) = (e(v), V), Vr=(v.y) e H'(B*; R?) x H'(B) (6)

e €D (S;8%);  (e(M)yy = %(aavﬁ +3pva), VveD(S;R?)

where the same symbol e(-) stands for the symmetrized gradient in the sense of distributions of D'(O;R3), O e
(£2, B¢, ©Of}, or D'(S;R?). Moreover we introduce some spaces, linear and bilinear forms in order to supply a variational
formulation of (1)-(5). An electromechanical state will be an element r = (v, ¢) of

Vpi=Hp (0% R) x @y, @a1)=H'(B?), @a.2=H5(B°). @ein=Hs(B), Po2=Hss(B°) (7)

where, for any domain O of R3, HL(O; R?) and H}.(O) respectively denote the subspaces of H!(O; R3) and H'(O) of all
elements with vanishing traces on a part I" of 3. One makes the following assumptions on the data:

¢o denotes the restriction to S of an element of H 172 ({x3 = O}) still denoted by ¢g

(f.F,G,q) e L*(2; R?) x L*(I'; R?) x L*(S; R?) x L%(S), /qdfc:O (8)
3
G*(x+ee3)=G(x), q°(x+ee3)=qx), @5(x+ee3)=epo(x), aexes
It is well known that for all ¢g in H'/2({x3 = 0}), there exists an element of H'(S x (—L, 0)) when pp =1, H;fl (S x (=L, 0))

when p, =2, still denoted by ¢o whose trace on S is ¢g. Hence the element <pg,p of @, defined by (pjp(x) =¢epo(X, (x3 —
&)L /¢e) satisfies:
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