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a b s t r a c t 

We study Poincaré bifurcation for a planar piecewise near-Hamiltonian system with two regions sepa- 

rated by a non-regular separation line, which is formed by two rays starting at the origin and such that 

the angle between them is α ∈ (0, π ). The unperturbed system is a piecewise linear system having a pe- 

riodic annulus between the origin and a homoclinic loop around the origin for all α ∈ (0, π ). We give an 

estimation of the maximal number of the limit cycles which bifurcate from the periodic annulus men- 

tioned above under n -th degree polynomial perturbations. Compared with the results in [13], where a 

planar piecewise linear Hamiltonian system with a straight separation line was perturbed by n -th degree 

polynomials, one more limit cycle is found. Moreover, based on our Lemma 2.5 we improve the upper 

bounds on the maximal number of zeros of the first order Melnikov functions derived in [19]. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction and main results 

In the past few decades many studies have been devoted to the 

investigation of limit cycles of planar piecewise smooth dynamical 

systems defined on two zones separated by a line, see e.g. [1–18, 

21] . Commonly, the separation line of the two zones is straight. 

In this case using numerical simulations Huan and Yang [7] pro- 

vided an example illustrating the existence of three limit cycles for 

piecewise linear systems. Rigorous proofs of the existence of these 

limit cycles were given in [8,9] . In [10] Chen and Du constructed a 

quadratic system, which can have nine small limit cycles bifurcated 

from a center. Perturbing quadratic systems with quadratic and cu- 

bic polynomial functions Xiong [11] and Tian and Yu [12] found six 

and ten limit cycles, respectively. For piecewise polynomial near- 
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Hamiltonian systems of degree n , the number of limit cycles was 

studied in [13–15] . 

When the separation line is not a straight one, more than 

three limit cycles can be found for planar piecewise linear systems 

with two regions. For examples, by constructing some broken lines 

as the boundary between the two linear zones, Braga and Mello 

[16] proved that 4, 5, 6 or 7 limit cycles can appear. Two more 

concrete systems with piecewise continuous separation lines were 

given in [17] , where Corollaries 3 and 5 confirm the following con- 

jecture proposed in [16] : 

For a given n ∈ N there is a piecewise linear system with two zones 

in the plane with exactly n limit cycles. 

Recently, Cardin and Torregrosa [18] considered a planar piece- 

wise linear system defined in two angular zones separated by 

�α = 

{ { (x, y ) | x ≥ 0 , y = 0 } ∪ { (x, y ) | y = ( tan α) 
x, y ≥ 0 } , α ∈ (0 , π) − { π/ 2 } , 

{ (x, y ) | x ≥ 0 , y = 0 } ∪ { (x, y ) | x = 0 , y ≥ 0 } , α = π/ 2 . 

(1.1) 

Using higher order Melnikov function method the authors showed 

the existence of five limit cycles for such system up to a sixth order 

perturbation in ε. 
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To distinguish from the case of straight lines, if a separation line 

is piecewise smooth, we call it a non-regular one. It is pointed out 

in [16] that non-regularity in the separation lines plays an impor- 

tant role in studying of the number of limit cycles for piecewise 

systems. This motivates us to consider the following problems: 

(a) For planar polynomial differential systems of degree n , what 

is the maximal number of limit cycles produced by perturbing a 

planar piecewise linear system with a period annuls around the 

origin, up to the first order in ε, if the piecewise period annuls is 

divided by �α , α ∈ (0, π )? 

(b) Does the maximal number of limit cycles depend on the 

angle α ∈ (0, π )? 

To study these problems, in this paper we first construct a pla- 

nar piecewise near-Hamiltonian system of degree n , whose unper- 

turbed system is piecewise linear and divided by �α , α ∈ (0, π ), 

such that for any α ∈ (0, π ) the unperturbed system has a fam- 

ily of periodic orbits between the origin and a homoclinic loop 

around the origin. In [13] the authors also considered a planar 

piecewise linear Hamiltonian system with two zones perturbed by 

n th-degree polynomials. The main difference between the unper- 

turbed systems constructed in this paper and the one in [13] is the 

non-regularity in the separation lines, where in [13] it is a straight 

line and in this paper it is a non-regular one ( �α , α ∈ (0, π )). Then, 

using the first order Melnikov function we investigate the maxi- 

mal number of limit cycles bifurcating from the periodic annulus, 

obtaining one more limit cycle than in [13] . This shows again the 

importance of non-regularity in separation lines for piecewise sys- 

tems when the number of bifurcated limit cycles is considered. 

In order to give a formula of the first order Melnikov function 

for near-Hamiltonian systems with a separation line �α , α ∈ (0, π ), 

we consider {
˙ x = H y + εp(x, y ) , 
˙ y = −H x + εq (x, y ) , 

(1.2) 

where 

H(x, y, α) = 

{
H 

+ (x, y, α) , (x, y ) ∈ �+ 
α , 

H 

−(x, y, α) , (x, y ) ∈ �−
α , 

p(x, y ) = 

{
p + (x, y ) , (x, y ) ∈ �+ 

α , 

p −(x, y ) , (x, y ) ∈ �−
α , 

q (x, y ) = 

{
q + (x, y ) , (x, y ) ∈ �+ 

α , 

q −(x, y ) , (x, y ) ∈ �−
α , 

H 

± , p ± and q ± are C ∞ functions, ε > 0 is small, �±
α indicate the 

angular sections of angles α and 2 π − α , α ∈ (0, π ), respectively. 

Let us make the following assumption to (1.2) | ε=0 . 

Assumption A. For each α ∈ (0, π ), suppose that (1.2) | ε=0 has a 

family of periodic orbits L α( h ), h ∈ J ( α), rotating clockwise around 

the origin, where J ( α) denotes an open interval. Each closed orbit 

L α( h ) intersects �α transversally at points A (h, α) = 

(
a (h, α) , 0 

)
and A 1 ( a 1 ( h, α), b 1 ( h, α)) such that for h ∈ J ( α) 

H 

+ (A (h, α) , α
)

= H 

+ (A 1 (h, α) , α
)

= h, 

H 

−(A (h, α) , α
)

= H 

−(A 1 (h, α) , α
)
, a (h, α) > 0 , b 1 (h, α) > 0 . 

Let L α(h ) = L + α (h ) ∪ L −α (h ) , L ±α (h ) are defined by H 

+ (x, y, α) = 

h, (x, y ) ∈ �+ 
α and H 

−(x, y, α) = H 

−(A 1 (h, α) , α) , (x, y ) ∈ �−
α , re- 

spectively. The phase portrait of system (1.2) | ε=0 is shown in Fig. 1 . 

Using methods of Theorem 2.2 in [20] and Theorem 1.1 in [21] , it 

is easy to obtain the following Lemma. 

Lemma 1.1. Under Assumption A, for the first order Melnikov func- 

tion of system (1.2) , we have 

Fig. 1. Periodic orbits of (1.2) | ε=0 . 

M α(h ) = 

H 

−
x (A, α) 

H 

+ 
x (A, α) 

∫ 
L + α (h ) 

q + dx − p + dy 

+ 

∫ 
L −α (h ) 

q −dx − p −dy, h ∈ J(α) . (1.3) 

Further, if M α(h 0 ) = 0 and ∂M α
∂h 

| h = h 0 � = 0 for some h 0 ∈ J ( α), then for 

small ε > 0 system (1.2) has a unique limit cycle near L α( h 0 ) . If h 0 
is a zero of M α( h ) having an odd multiplicity, then for small ε > 0 

system (1.2) has at least one limit cycle near L α( h 0 ) . Also, if M α( h ) 

has at most k zeros counting multiplicity in h on the interval J ( α), 

then system (1.2) has at most k limit cycles bifurcating from the open 

annulus 
⋃ 

h ∈ J(α) L α(h ) . 

We consider the piecewise near-Hamiltonian system 

(
˙ x 
˙ y 

)
= 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

(
1 − x + εp + n (x, y ) 

−b + y + ax + εq + n (x, y ) 

)
, (x, y ) ∈ �+ 

α , (
y + εp + n (x, y ) 

−x + εq + n (x, y ) 

)
, (x, y ) ∈ �−

α , 

(1.4) 

with the non-regular separation �α defined in (1.1) and Hamilto- 

nian functions 

H 

+ (x, y, α) = y − xy + bx − a 

2 

x 2 , H 

−(x, y, α) = 

1 

2 

(
x 2 + y 2 

)
, (1.5) 

where, 

a = 2 cot α, b = 

sin α

1 − cos α
, α ∈ (0 , π) , (1.6) 

and 

p ±n (x, y ) = 

n ∑ 

i + j=0 

a ±
i j 

x i y j , q ±n (x, y ) = 

n ∑ 

i + j=0 

b ±
i j 

x i y j . (1.7) 

For each α ∈ (0, π ) system (1.4) | ε=0 has a compound homoclinic 

orbit L ∗α : 

(
x (t) , y (t) 

)
= 

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ 

(
1 , (b − a )(1 − e t ) 

)
, t ∈ (−∞ , 0) , (

cos (t ) , −sin (t ) 
)
, t ∈ [0 , 2 π − α] , (

e 2 π−α−t ( cos (α) − 1) + 1 , 
(
a − b + sin (α) 

)
e 2 π−α−t + ( b − a ) 

)
, 

t ∈ ( 2 π − α, + ∞ ) 

connecting the hyperbolic saddle S = (1 , b − a ) . Let L 1 α = L ∗α ∪ S. In 

view of Lemma 2.1 in Section 2 , for system (1.4) | ε=0 there exists 

a family of periodic orbits between the origin and the compound 

homoclinic loop L 1 α as follows 
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