Chaos, Solitons and Fractals 106 (2018) 67-71

journal homepage: www.elsevier.com/locate/chaos

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

Some special number sequences obtained from a difference equation

of degree three

Cristina Flaut'*, Diana Savin?

@ CrossMark

Faculty of Mathematics and Computer Science, Ovidius University, Bd. Mamaia 124, Constanta 900527, Romania

ARTICLE INFO ABSTRACT

Article history:

Received 7 May 2017

Revised 10 November 2017
Accepted 10 November 2017
Available online 22 November 2017

In this paper we present applications of special numbers obtained from a difference equation of degree
three. As a particular case of this difference equation of degree three, we obtain the generalized Pell-
Fibonacci-Lucas numbers, which were extended to the generalized quaternion algebras. Using properties
of these quaternion elements, we can define a set with an interesting algebraic structure, namely, an

order on a generalized rational quaternion algebra. Another presented application is in the Coding Theory,
MSC: since some of these numbers can be used to built cyclic codes with good properties (MDS codes).
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1. Introduction

Let n be an arbitrary positive integer and let q, b, c, Xg, X1, X, be
arbitrary integers. We consider the following difference equation of
degree three

Dp, =aD,_1 + bDn_z +¢Dy_3,Dg = Xg, D1 = X1, D3 = X5. (11)

If we consider a=b=1,c=0, xg=0,%x; =1,x, =1, we ob-
tain the Fibonacci numbers and if we take a=b=1,c=0,xg =
2,x1=1,x, =3, we get the Lucas numbers. In the same way,
fora=1,b=0,c=1,%x9=0,x; =1,x, =1, we find the Fibonacci-
Narayana numbers [9].

If we take 7 a positive prime integer and we consider the se-
quence given in (1.1), we obtain a difference equation of degree
three, defined on Z,,where Z; denotes the finite field of integers
modulo 7. The numbers obtained in this case are repeated after
a certain period. We denote with [ () and B4() the period, re-
spectively the number of zeros in a single period for this sequence.
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Some properties of the above numbers were studied in various
papers. Some of them are: [1,2,4-7,11-13,16,17,20,21,23]. In this pa-
per, in Section 2, we extend the numbers given by relation (1.1) to
generalized quaternions, obtaining an interesting algebraic struc-
ture. This algebraically structure can’t be extended to Octonion al-
gebras or to other algebras obtained by the Cayley-Dickson process
of dimension greater than 16, since these algebras are not associa-
tive. In these cases, we can obtain only a weak structure: a module
or a vector space. In Section 3, an application in Coding Theory is
given. These numbers, arising from the same Eq. (1.1) but defined
on Zz, were used to built cyclic codes with good properties (MDS
codes).

2. Some applications of generalized Pell-Fibonacci-Lucas
elements

In relation (1.1), if we consider a=2,b=1,c=0,% =0,x; =
1,x, =2, we obtain the Pell numbers and if we take a=2,b=
1,c=0,x9 =2,%1 =2,X, =6, we obtain the Pell-Lucas numbers.
Let (Pn)pso be the Pell sequence

Pn = 2Pn_1 +Pn_2, n=> Z,P() =0; P] =1,
and (Qn)p >0 be the Pell-Lucas sequence

Q=2Qu1+Q2 n=22,Q=20Q=2
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We consider the numbers & = 14 +/2 and 8 = 1 — +/2. The follow-
ing formulae are well known:
Binet’s formula for Pell sequence

n_ @n n_ An

p= =B =B
a—p 2V2

Binet’s formula for Pell-Lucas sequence

Qu=a"+ ", forall neN.

for all n e N;

Let A be the generating function of the sequence (Dp)pso.
A(z) = Y _j0Dnz". In the following, we determine this function.

Proposition 2.1. We have:

Do + (D] — aDo)Z + (D2 —aD; — bD())Z2

A =

) 1—az—bz2 -z

Proof.

A(Z) =Dy +D1z+ D2z + D322 + ...+ Dy2" + ... (2.1)
azA(z) = aDyz + aD1z*> + aD,2* + ... + aDp_1Z" + . .. (2.2)
bz?A(z) = bDyz? + bD12> +bDoz* + ...+ bDy_22" + ... (2.3)
cZ2A(2) = Do + D1z + D2 + ...+ Dy 32" + ... (2.4)

Adding the equalities (2.2)-(2.4) and substracting relation (2.1), we
obtain:

A(2)(1-az—bz*~cz®) = Dy + (D1 —aDo)z + (D, —aDy —bDg)2*.
Therefore, we get

Do + (D] — aDo)Z + (Dz —aDy — bDQ)Z2
1—-az—-bz2 —cz3 ’

A(z) =
O

We remark that for a = ¢ = 1 and b = 3, we obtain the sequence
(Dn)ns0» Dg=0, Dy =Dy =1, Dyy3=Dyyp+3Dpy1+Dn, n=0.
This equality is equivalent with

Dpi3 + Dyy2 = 2(Dpy2 + Dyy1) + (Dngq + Dn).

If we take the sequence (bn)p0, bny1 = Dpy1 +Dn, n >0, then the
last relation becomes

bni3 =2bpio + byy1, n >0,

where by =1 and b, = 2. Moreover, if we consider by = 0, then it
results that the sequence (bp), - is the sequence of Pell numbers
(Pn)n30~

Proposition 2.2. Let (Py),-o be the sequence of Pell numbers and
(Qn)n=o be the sequence of Pell-Lucas numbers. Let A be the following

9 o V2P,
matrix A= | 0 % +2P, 0 . It results that
V2P, 0 4
& 0 V2P,
A'=1]0 % ++2P, 0
V2P, 0 %

Proof. We prove the following statement, by induction after n e

N*
% 0 V2P,
oA Qn
P(n):A"= |0 74—«51);1 0
V2B, 0 %

We remark that P(1) is true.
Assuming that P(n) is true, we prove that P(n + 1) is true.

G V2P,
P(n+1):A"" = | 0 S NG
\/anH 0 Q112+1
% 0 V2P,
wtpa=fo &m0
V2B, 0 %
% 0 V2P,
0 % +v2P 0
V2P 0 %
Using Binet's formulae for Pell-Lucas sequence, we obtain:
am + pr 0 o — Bn a+p 0 a-pB
2 2 2 2
A =10 o™ 0 -10 a 0
an_ﬂn an+ﬂn Ol—ﬂ 0 Ol-i-ﬂ
2 2 2 2
anﬂ +[3n+1 0 Ol”“ _ ﬂn+1
2 2
=10 a1 0
anH _ IBnH 0 an+1 + ’3n+l
2 2
an+l 0 \/ipnﬂ
- o R NG LI
‘/jpnﬂ 0 anH

Therefore, P(n + 1) is true. O

In the papers [8,18] were introduced the generalized Fibonacci-
Lucas numbers and the generalized Fibonacci-Lucas quaternions
and were obtained many properties of these quaternion elements.
In a similar way, we introduce here the generalized Pell-Fibonacci-
Lucas numbers and the generalized Pell-Fibonacci-Lucas quater-
nions.

First of all, we give some identities involving Pell numbers and
Pell-Lucas numbers.

Proposition 2.3. Let (P;),-o be the sequence of Pell numbers and
(Qu)nso be the sequence of Pell-Lucas numbers [10]. The following
statements are true:

(i)
QQuii = Qi+ (=1)"Q. n.leN;
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