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a b s t r a c t 

In this paper we present applications of special numbers obtained from a difference equation of degree 

three. As a particular case of this difference equation of degree three, we obtain the generalized Pell- 

Fibonacci-Lucas numbers, which were extended to the generalized quaternion algebras. Using properties 

of these quaternion elements, we can define a set with an interesting algebraic structure, namely, an 

order on a generalized rational quaternion algebra. Another presented application is in the Coding Theory, 

since some of these numbers can be used to built cyclic codes with good properties (MDS codes). 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Let n be an arbitrary positive integer and let a, b, c, x 0 , x 1 , x 2 be 

arbitrary integers. We consider the following difference equation of 

degree three 

D n = aD n −1 + bD n −2 + cD n −3 , D 0 = x 0 , D 1 = x 1 , D 2 = x 2 . (1.1) 

If we consider a = b = 1 , c = 0 , x 0 = 0 , x 1 = 1 , x 2 = 1 , we ob- 

tain the Fibonacci numbers and if we take a = b = 1 , c = 0 , x 0 = 

2 , x 1 = 1 , x 2 = 3 , we get the Lucas numbers. In the same way, 

for a = 1 , b = 0 , c = 1 , x 0 = 0 , x 1 = 1 , x 2 = 1 , we find the Fibonacci- 

Narayana numbers [9] . 

If we take π a positive prime integer and we consider the se- 

quence given in (1.1) , we obtain a difference equation of degree 

three, defined on Z π , where Z π denotes the finite field of integers 

modulo π . The numbers obtained in this case are repeated after 

a certain period. We denote with l d ( π ) and βd ( π ) the period, re- 

spectively the number of zeros in a single period for this sequence. 
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Some properties of the above numbers were studied in various 

papers. Some of them are: [1,2,4–7,11–13,16,17,20,21,23] . In this pa- 

per, in Section 2 , we extend the numbers given by relation (1.1) to 

generalized quaternions, obtaining an interesting algebraic struc- 

ture. This algebraically structure can’t be extended to Octonion al- 

gebras or to other algebras obtained by the Cayley–Dickson process 

of dimension greater than 16, since these algebras are not associa- 

tive. In these cases, we can obtain only a weak structure: a module 

or a vector space. In Section 3 , an application in Coding Theory is 

given. These numbers, arising from the same Eq. (1.1) but defined 

on Z π , were used to built cyclic codes with good properties (MDS 

codes). 

2. Some applications of generalized Pell-Fibonacci-Lucas 

elements 

In relation (1.1) , if we consider a = 2 , b = 1 , c = 0 , x 0 = 0 , x 1 = 

1 , x 2 = 2 , we obtain the Pell numbers and if we take a = 2 , b = 

1 , c = 0 , x 0 = 2 , x 1 = 2 , x 2 = 6 , we obtain the Pell-Lucas numbers. 

Let ( P n ) n ≥ 0 be the Pell sequence 

P n = 2 P n −1 + P n −2 , n ≥ 2 , P 0 = 0 ; P 1 = 1 , 

and ( Q n ) n ≥ 0 be the Pell-Lucas sequence 

Q n = 2 Q n −1 + Q n −2 , n ≥ 2 , Q 0 = 2 ; Q 1 = 2 . 
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We consider the numbers α = 1 + 

√ 

2 and β = 1 −
√ 

2 . The follow- 

ing formulae are well known: 

Binet’s formula for Pell sequence 

P n = 

αn − βn 

α − β
= 

αn − βn 

2 

√ 

2 

, for all n ∈ N ; 

Binet’s formula for Pell-Lucas sequence 

Q n = αn + βn , for all n ∈ N . 

Let A be the generating function of the sequence ( D n ) n ≥ 0 , 

A ( z ) = 

∑ 

n ≥0 D n z 
n . In the following, we determine this function. 

Proposition 2.1. We have: 

A ( z ) = 

D 0 + ( D 1 − aD 0 ) z + ( D 2 − aD 1 − bD 0 ) z 
2 

1 − az − bz 2 − cz 3 
. 

Proof. 

A ( z ) = D 0 + D 1 z + D 2 z 
2 + D 3 z 

3 + . . . + D n z 
n + . . . (2.1) 

azA ( z ) = aD 0 z + aD 1 z 
2 + aD 2 z 

3 + . . . + aD n −1 z 
n + . . . (2.2) 

bz 2 A ( z ) = bD 0 z 
2 + bD 1 z 

3 + bD 2 z 
4 + . . . + b D n −2 z 

n + . . . (2.3) 

cz 3 A ( z ) = cD 0 z 
3 + cD 1 z 

4 + cD 2 z 
5 + . . . + c D n −3 z 

n + . . . (2.4) 

Adding the equalities (2.2) –(2.4) and substracting relation (2.1) , we 

obtain: 

A ( z ) 
(
1 −az−bz 2 −cz 3 

)
= D 0 + ( D 1 −aD 0 ) z + ( D 2 −aD 1 −bD 0 ) z 

2 . 

Therefore, we get 

A ( z ) = 

D 0 + ( D 1 − aD 0 ) z + (D 2 − aD 1 − bD 0 ) z 
2 

1 − az − bz 2 − cz 3 
. 

�

We remark that for a = c = 1 and b = 3 , we obtain the sequence 

( D n ) n ≥ 0 , D 0 = 0 , D 1 = D 2 = 1 , D n +3 = D n +2 + 3 D n +1 + D n , n ≥ 0 . 

This equality is equivalent with 

D n +3 + D n +2 = 2 ( D n +2 + D n +1 ) + ( D n +1 + D n ) . 

If we take the sequence ( b n ) n ≥ 0 , b n +1 = D n +1 + D n , n ≥ 0 , then the 

last relation becomes 

b n +3 = 2 b n +2 + b n +1 , n ≥ 0 , 

where b 1 = 1 and b 2 = 2 . Moreover, if we consider b 0 = 0 , then it 

results that the sequence ( b n ) n ≥ 0 is the sequence of Pell numbers 

( P n ) n ≥ 0 . 

Proposition 2.2. Let ( P n ) n ≥ 0 be the sequence of Pell numbers and 

( Q n ) n ≥ 0 be the sequence of Pell-Lucas numbers. Let A be the following 

matrix A = 

⎛ 

⎝ 

Q 1 
2 0 

√ 

2 P 1 

0 
Q 1 
2 + 

√ 

2 P 1 0 √ 

2 P 1 0 
Q 1 
2 

⎞ 

⎠ . It results that 

A 

n = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

Q n 

2 

0 

√ 

2 P n 

0 

Q n 

2 

+ 

√ 

2 P n 0 

√ 

2 P n 0 

Q n 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. 

Proof. We prove the following statement, by induction after n ∈ 

N 

∗

P ( n ) : A 

n = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

Q n 

2 

0 

√ 

2 P n 

0 

Q n 

2 

+ 

√ 

2 P n 0 

√ 

2 P n 0 

Q n 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. 

We remark that P (1) is true. 

Assuming that P ( n ) is true, we prove that P ( n + 1 ) is true. 

P ( n + 1 ) : A 

n +1 = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

Q n +1 

2 

0 

√ 

2 P n +1 

0 

Q n +1 

2 

+ 

√ 

2 P n +1 0 

√ 

2 P n +1 0 

Q n +1 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. 

A 

n +1 = A 

n A = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

Q n 

2 

0 

√ 

2 P n 

0 

Q n 

2 

+ 

√ 

2 P n 0 

√ 

2 P n 0 

Q n 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

·

⎛ 

⎜ ⎜ ⎜ ⎝ 

Q 1 

2 

0 

√ 

2 P 1 

0 

Q 1 

2 

+ 

√ 

2 P 1 0 

√ 

2 P 1 0 

Q 1 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. 

Using Binet’s formulae for Pell-Lucas sequence, we obtain: 

A 

n +1 = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

αn + βn 

2 

0 

αn − βn 

2 

0 αn 0 

αn − βn 

2 

0 

αn + βn 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

·

⎛ 

⎜ ⎜ ⎜ ⎝ 

α + β

2 

0 

α − β

2 

0 α 0 

α − β

2 

0 

α + β

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 

⎛ 

⎜ ⎜ ⎜ ⎝ 

αn +1 + βn +1 

2 

0 

αn +1 − βn +1 

2 

0 αn +1 0 

αn +1 − βn +1 

2 

0 

αn +1 + βn +1 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

Q n +1 

2 

0 

√ 

2 P n +1 

0 

Q n +1 

2 

+ 

√ 

2 P n +1 0 

√ 

2 P n +1 0 

Q n +1 

2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. 

Therefore, P ( n + 1 ) is true. �

In the papers [8,18] were introduced the generalized Fibonacci- 

Lucas numbers and the generalized Fibonacci-Lucas quaternions 

and were obtained many properties of these quaternion elements. 

In a similar way, we introduce here the generalized Pell-Fibonacci- 

Lucas numbers and the generalized Pell-Fibonacci-Lucas quater- 

nions. 

First of all, we give some identities involving Pell numbers and 

Pell-Lucas numbers. 

Proposition 2.3. Let ( P n ) n ≥ 0 be the sequence of Pell numbers and 

( Q n ) n ≥ 0 be the sequence of Pell-Lucas numbers [10] . The following 

statements are true: 

(i) 

Q n Q n + l = Q 2 n + l + ( −1 ) 
n Q l , n, l ∈ N ;
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