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We consider the Riemann problem for an isothermal no-slip compressible gas-liquid drift-flux model of
multi-phase flows governing two mass conservation equations and one mixture momentum equation.
We establish a global result for the existence and uniqueness of a solution to the Riemann problem. We
obtain one parameter family of elementary wave curves explicitly. Further, we derive a necessary and
sufficient condition to ensure the existence of a shock wave or a simple wave for a 1-family and a 3-
family of characteristics on the initial data in the solution of the Riemann problem. Finally, we prove the
result of Von Neumann’s concerning the overtaking of two weak shocks of same family.
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1. Introduction

In the recent past, study of hyperbolic systems of partial dif-
ferential equations (PDEs) have been the subject of great interest
both from mathematical and physical point of view due to its ap-
plications in variety of fields such as magnetogasdynamics, astro-
physics, engineering physics, multi-phase flows, aerodynamics and
plasma physics etc. The Riemann problem was introduced by Rie-
mann in [1] for system of hyperbolic conservation laws describing
gas dynamics [2]. Riemann [1] initiated the concept of weak solu-
tions and the method of phase plane analysis; Riemann’s solutions
reveal that the elementary waves of isentropic flows: shock waves
and simple waves. His result was extended to adiabatic flows by
Courant and Friedrichs [3], and a new kind of elementary wave,
contact discontinuity (slip line), was added. In Lax’s comprehen-
sive discussion of such systems [4], it was proved that for strictly
hyperbolic systems (i.e., the eigenvalues of the Jacobian matrix are
distinct), there is a unique solution of the Riemann problem pro-
vided the initial data given by two constant states U' and U™ are
sufficiently close (in a precise sense). Liu [5] proposed the en-
tropy condition and solved the Riemann problem for general 2 x 2
conservation laws. Since then, a lot of interesting work has been
contributed to the one dimensional Riemann problem for various
hyperbolic systems of conservation laws (see, [6-10]); indeed, the
Riemann problem has been playing an important role in all three
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areas of theory, applications and computation. Smith [11] investi-
gated existence and uniqueness of solution of the Riemann prob-
lem, with arbitrary initial data U' and U", for the equations of com-
pressible fluid flow in one space variable.

The solution of the Riemann problem involves shock waves,
centered simple waves and contact discontinuities which are called
elementary waves. Another interesting feature of nonlinear sys-
tems is that interaction of elementary waves. Based on the solu-
tion of Riemann problem, the interaction of one dimensional ele-
mentary waves in gas dynamics has been studied by Courant and
Friedrichs [3], Smoller [2], Chang and Hsiao [12]. Solution of Rie-
mann problem and wave interactions for various physical problems
have been discussed by Raja Sekhar et al. (see, [13-15]).

It has been demonstrated that considerable research has been
devoted to the Riemann problem for two-phase flows with mul-
tiple components. Two-phase flows can be described by means of
different models: mixture, drift (homogeneous or not), two-fluid or
even multi-fluid models are currently used in industrial thermo-
hydraulic codes. A general transient two phase problem is for-
mulated by Goda et al. [16] using a two-fluid model or a drift-
flux model and this depends on the degree of coupling between
the phases. The basic concept of the drift-flux model is the con-
sideration of two separate phases as a mixture phase. Therefore
the fluid properties are represented by mixture properties making
the drift-flux formulation simpler than the two-fluid formulation.
The general expression of the drift-flux model, proposed by Zu-
ber and Findlay [17], accounts for the effects of non-uniform flow
and void distribution across the flow channel, and local relative
velocity between phases. The drift-flux model on the other hand
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is formulated by Ishii and Hibiki [18] considering the mixture as
a whole rather than two phases separately. Numerical solution of
one-dimensional drift-flux two-phase flow model have been stud-
ied in the literatures [19-21].

In this article, we consider the Riemann problem for an isother-
mal no-slip drift-flux model of multi-phase flows [17]. We estab-
lish the one-parameter families of curves for simple waves, shock
waves and contact discontinuities. The main motivation of the
present work is to study the existence and uniqueness of sim-
ple waves, shock waves and contact discontinuities. Lax’s paper
[4] leaves no doubt that such a solution exists, but it seems to us
that there may be interest in a brief and explicit proof favorable
to numerical computations. A necessary and sufficient condition is
derived for arbitrary initial data for the existence of solution either
in terms of shocks or simple waves or both. Further, we discuss the
interaction of two weak shocks. This interaction has been treated
by von Neumann [22].

The structure of this paper is as follows. In Section 2, we re-
call the drift-flux model. In Section 3, we derive elementary waves;
simple waves, shock waves and contact discontinuities of the Rie-
mann problem. In Section 4, we construct the one-parameter fam-
ilies of Riemann solution. In Section 5, we prove a result on global
existence and uniqueness of solution of the Riemann problem and
identify the possibilities for shocks or simple waves to occur in a
1-family and 3-family. Section 6 deals with the interaction of two
weak shocks of same family and finally, in Section 7 we close the
paper with the conclusions.

2. The drift-flux model

The basic concept of the drift-flux model is the consideration of
two separate phases as a mixture phase. Therefore the fluid prop-
erties are represented by mixture properties making the drift-flux
formulation simpler than the two-fluid formulation.

2.1. Governing equations

We consider a simple one dimensional model for two phases,
with conservation of mass for each of the phases and a mixture
momentum equation as follows [21];

d 0

FT: (0g0g) + x (0gttgllg) = Mg,
d d
&(Qlal) + &(Qlalul) =m,
d
3 (0gtglig + Qrotiuy)
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where index g in the above system is referred to the gas and
I to the liquid phase; x is the space coordinate and t is the
time; o, Uy, Pk, Mg, q and o are the density, velocity, pressure,
mass source, wall friction momentum source and volume frac-
tion for each phase, respectively. The volume fractions are subject
to the constraint o+ o = 1. This model is a so-called drift-flux
model.

We also assume that there is no mass transfer between the
phases, thus mg = m; = 0. The source term q is defined as q = F; +
Fy., where F; = g(agog + o;0;) sinf represents the gravity, where g
is the gravitational constant and 6 is the inclination. The friction
force term F, takes into account the viscous forces and forces be-
tween the wall and fluids and is given by F, = 32"“2% where d
is the inner diameter, Vy,;, = gl + ou; is the mixture average ve-
locity, pmix = 0glig + oy and the viscosities for liquid and gas are
assumed to be ;=5 x 1072[Pas] and g = 5 x 10-8[Pas], respec-

tively. To make (2.1) as a system of conservation laws we assume
that g = 0.

2.1.1. Thermodynamic submodels

In this work, we assume that both gas and liquid phases are
compressible. Dynamic mass and energy transfers are neglected.
For each component the pressure for isothermal flows has the
form

p=rpi(0) =aoi. ie{gl}
where the positive constant g; is the compressibility factor.

A general pressure law p(p1, p2) can be derived as follows [23]:
The relation ag + o = 1 can then be written as 5 + 22 = 1, where

p1 = 0o and p, = ggag. Hence, using (2.2), we have

p(p1, p2) = a1p1 + G20,
where a; = q; and a, = ag.

(2.2)

(2.3)

2.1.2. Hydrodynamic submodels

The most important aspect of the model is the hydrodynamic
closure law, which is commonly expressed in the following general
form ug — u; = ®(p, ag, ug), which is also known as the slip rela-
tion.

To perform mathematical analysis for the Riemann problem of
the current drift-flux model then, certain simplifying assumptions
need to be made, leading to more simplified governing equations.
More specifically, a common assumption within this context of
drift-flux modeling is due to the no-slip condition, that is, & = 0.
For simplicity, therefore, the phase velocities are assumed to be in
equilibrium u = ug = u;.

2.2. The Riemann problem

With the assumptions made in preceding Sections, the sys-
tem (2.1) can be written in the following conservative form

ou  oFU) N
W‘FT—O, xeR, teR (24)
with
P1 piu
U= P2 , FU)= p2u
(o1 + p2)u (o1 + p2)u® + p

are the conservative variables and fluxes, respectively.

The Riemann problem for the current model, therefore, is for-
mulated as a special initial value problem given by (2.4) for a gas-
liquid two-phase flows with discontinuous initial data as

U, ifx<0,

Ux.0) = {Uf, if x > 0, (2:5)

where U' and U" are constants.

To further establish the necessary mathematical framework for
the current model equations, we write system (2.4) in the fol-
lowing alternative quasi-linear form of primitive variables V =
[p1, p2. u]T, where T denotes transposition, as

av av
—+MV)-—=0
ar TM(V) 5 =0,
and the Jacobian matrix M(V) = g—‘F/ is given by
u 0 1
0 u 02
a; a
P1+02 P1+02

Then one can observe that the Jacobian matrix has three real
eigenvalues

AM=u—w, Mm=u and A3 =u-+w, (2.6)
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