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We present master symmetries of noncommutative differential-difference KP equation by
considering Sato approach, where the field variables are defined over associative algebras.
The Lie algebraic structures of generalized and master symmetries are given. They form a
Virasoro Lie algebraic structure.
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1. Introduction

Integrable systems are known for its rich and diverse
mathematical structures and applications. In the past four
decades, the research in searching soliton systems and
investigating their integrability properties have made sig-
nificant progress [1]. Date et al. systematically derived sol-
iton system and their Lax pairs for both continuous and
discrete equations by using group theoretic approach in a
series of papers [2–6]. It is well-known that Sato theory
is a powerful mathematical approach to derive Lax pairs,
soliton solutions, conservation laws etc. [7] for KP
hierarchy. This approach has further extended to
differential difference set up by [8–11] and obtained
differential-difference KP equation, generalized symme-
tries and conservation laws. Zhang et al. continued this
analysis and found the conservation laws and solutions
of differential-difference KP in a much simpler way
[12,13]. Searching for various symmetries, master symme-
tries and Lie algebraic structures for continuous and lattice
equations is an important topic for many years [15–21].
They always play a fundamental role in integrable systems.
In [19], Ma proposed a method to construct Lax represen-
tation for isospectral and non-isospectral hierarchies of

(1 + 1) dimensional evolution equations.Further develop-
ments have been made in [16,20,21] for lattice equations
as well. Moreover, using this one can study the underlying
infinite dimensional Lie algebraic structures of the con-
cerned system. Recently, many studies have been carried
out in finding the symmetries and their Lie algebraic struc-
tures for differential-difference systems [8,10,12–14]. The
non-isospectral flows assume its importance in their own
right. It requires a separate study to find out various prop-
erties of them concerning the integrability. It is interesting
to note that solutions of certain non-isospectral equations
were carried out by Zhang et al. [22–24]. In recent years,
noncommutative version of soliton equations attracted
lot of attention in the area of integrable nonlinear partial
differential equations [25–43]. They arise in many situa-
tions, where the field variables, for example, might be
square matrices or quarternions etc. There is an another
way in defining these equations through ⁄ or Moyal prod-
uct [36–41]. In this paper, the non-commutative version is
obtained by assuming that the coefficients in the
pseudo-difference operator do not commute with each
other. In the literature not enough results are available
for non-commutative version of soliton equations
[28,29,38,41,40]. Hence, there are huge possibilities exist
to explore in this domain and obtain interesting results.
Olver and Sokolov [26] developed a systematic procedure
to find generalized symmetries, recursion operators and
Hamiltonian structures of certain (1 + 1) dimensional
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noncommutative evolution equations. In a series of papers,
Hamanaka extended Sato theory for noncommutative
settings and obtained continuous noncommutative KP
(NCKP) equation [36–38] and its various reductions. A
detailed investigation about extended KP and its noncom-
mutative version have been discussed in [43,44]. However,
not enough is known about various integrablity properties
of noncommutative differential-difference soliton equa-
tions. Quasi-determinant [31] solutions of non-abelian
Hirota-Miwa equation has been obtained by Nimmo et al.
[32] and Darboux transformation and many further results
have been obtained in [34,35,42] for number of noncom-
mutative differential- difference equations. From the
literatures cited above, it is clear that investigating
algebraic structures of symmetries for noncommutative
soliton systems is crucial to understand the integrability
of these class of equations. In [45] some of the present
authors, derived non-isospectral flows of noncommutative
KP and obtained their algebraic structures. In this paper,
we derive iso and non-isospectral flows/master symme-
tries and Lie algebras of noncommutative differential-
difference KP equations through Sato approach and prove
that Lie algebraic structure is indeed Virasoro type as in
the commutative case.

2. Isospectral and non-isospectral flows of NCDDKP
equation

Let us consider the difference analogue of a quasi-dif-
ferential operator

L ¼ Dþ u0 þ u1D
�1 þ � � � þ ujD

�j þ � � � ; ð2:1Þ

where us , us(n, t) = us(n,y, t1, t2, . . .), s = 0,1,2, . . . ,
t = (t1, t2, . . .) are the noncommutative field variables, i.e.
the field variables over associative algebra A and D de-
notes the forward difference operator defined by Df(n) =
(E � 1)f(n) = f(n + 1) � f(n). The operators D and E are
connected by D � E � 1 and D D�1 = D�1D = 1.

We recall the following properties for difference
operator D,

DðXYÞ ¼ ðEXÞðDYÞ þ ðDXÞY
D2X ¼ E2X � 2EX þ X;

D�1ðXYÞ ¼ E�1XD�1Y � D�1ðDðE�1XÞD�1YÞ; 8 X;Y 2 A

D�1ðynÞ ¼
Xn�1

1

yn þ constant independent of n;

D�1ð1Þ ¼ nþ constant independent of n:

2.1. Isospectral NCDDKP

For constructing the iso and non-isospectral flows of KP
equation the Lax triad approach is more convenient to use
rather than Lax Pair method. Here, we use the same to ob-
tain the associated flows of NCDDKP equation. Throughout
this paper, we follow Lax triad approach. First, we consider
the spectral problem corresponds to NCDDKP with eigen-
value g and eigenfunction / as follows:

L/ ¼ g/; ð2:2aÞ
/y ¼ A1/; ð2:2bÞ
/ts
¼ As/; ð2:2cÞ

where gts
¼ @g

@ts
¼ 0 and As = (Ls)+, projection into the posi-

tive powers of D, satisfying the boundary condition

Asju¼0 ¼ Ds: ð2:3Þ

Then the compatibility conditions of the linear problems
(2.2) lead to

Ly ¼ ½A1; L�; ð2:4aÞ
Lts ¼ ½As; L�; ð2:4bÞ
A1;ts ¼ As;y � ½A1;As�; ð2:4cÞ

From the fact, As = (Ls)+, all the As can be determined and
the first few explicit forms of As are given below:

A1 ¼ Dþ u0; ð2:5aÞ
A2 ¼ D2 þ ðDu0 þ 2u0ÞDþ ðDu0 þ u2

0 þ Du1 þ 2u1Þ; ð2:5bÞ
A3 ¼ D3 þ a1D

2 þ a2Dþ a3; ð2:5cÞ

with

a1 ¼ D2u0 þ 3Du0 þ 3u0;

a2 ¼ 2D2u0 þ 3Du0 þ 3u2
0 þ 2u0Du0 þ Du0u0 þ ðDu0Þ2

þ 3u1 þ 3Du1 þ D2u1;

a3 ¼ D2u0 þ 3u0u1 þ 2u1u0 þ 2u0Du0 þ ðDu0Þu0 þ ðDu0Þ2

þ ðDu0ÞDu1 þ 2u0Du1 þ ðDu1Þu0 þ ðDu0Þu1 þ u1E�1u0

þ 2D2u1 þ 3Du1 þ 3Du2 þ 3u2 þ D2u2 þ u3
0:

Using (2.5a) in (2.4a), we get

u0;y ¼ q10 ¼ Du1; ð2:7aÞ

u1;y ¼ q11 ¼ Du1 þ Du2 þ u0u1 � u1E�1u0; ð2:7bÞ

u2;y ¼ q12 ¼ Du3 þ Du2 þ u0u2 þ u1E�1u0 � u2E�2u0

� u1E�2u0; . . . ð2:7cÞ

From (2.7), we can easily express uj(j > 0) through u0, i.e.,

u1 ¼ D�1u0;y; ð2:8aÞ

u2 ¼ D�2u0;yy � D�1u0;y � D�1ðu0D
�1u0;yÞ

þ D�1ðD�1u0;yE�1u0Þ;
. . . ð2:8bÞ

By employing (2.4c), one can have the evolution equa-
tions for u0:

u0;t1 ¼ q10 ¼ u0;y; ð2:9aÞ

u0;t2 ¼ q20

¼ Du0;y þ u0;yu0 þ u0u0;y þ Du1;y þ 2u1;y

þ ½Du1;u0� þ 2½u1;u0� � D2u1 � 2Du1; ð2:9bÞ
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