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1. Introduction

The notion of Jacobi manifold was introduced separately by A. Kirillov, as a local Lie algebra structure on the sections of the
trivial line bundle on the underlying manifold [ 1], and by A. Lichnerowicz who viewed it as a contravariant generalization of
the notion of contact manifold [2]. Jacobi manifolds generalize at the same time Poisson manifolds, which are very useful in
classical analytical mechanics and in quantum mechanics, and contact manifolds which are especially used in the geometrical
study of partial differential equations. In [3], P. Dazord, A. Lichnerowicz and C.-M. Marle studied the local structure of a Jacobi
manifold, it follows in particular that a regular transitive Jacobi manifold is either contact or locally conformally symplectic
according to the dimension of the underlying manifold.

The presence of a pseudo-Riemannian metric on a Jacobi manifold induces in certain special cases and under certain
conditions remarkable geometric structures. On one hand, J. Rakotondralambo [4], defined a notion of compatibility between
a pseudo-Riemannian metric and a symplectic form which in the case of an almost Hermitian manifold induces a Kahler
structure. Then, in [5,6], M. Boucetta generalized this notion to a Poisson manifold to get a structure that he called a pseudo-
Riemannian Poisson structure. He proved that the symplectic leaves of a regular Riemannian Poisson manifold are Kdhler. On
the other hand, the data of a pseudo-Riemannian metric and an almost contact structure on a manifold give rise to interesting
geometrical structures like Sasakian manifolds and Kenmotsu manifolds, see [7].

* This research did not receive any specific grant from funding agencies in the public, commercial, or not-for-profit sectors.
* Corresponding author.
E-mail address: yacinait@gmail.com (Y. Ait Amrane).

https://doi.org/10.1016/j.geomphys.2018.07.005
0393-0440/© 2018 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.geomphys.2018.07.005
http://www.elsevier.com/locate/geomphys
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2018.07.005&domain=pdf
mailto:yacinait@gmail.com
https://doi.org/10.1016/j.geomphys.2018.07.005

72 Y. Ait Amrane, A. Zeglaoui / Journal of Geometry and Physics 133 (2018) 71-80

One of the natural questions posing itself is the one of a good notion of compatibility between a pseudo-Riemannian
metric and a Jacobi structure. In this work, we introduce such a notion which in the case of a Poisson manifold gives a pseudo-
Riemannian Poisson structure. We also prove that for a contact Riemannian structure, with this notion of compatibility we
geta(1/2)-Kenmotsu structure, and that in the case of a locally conformally symplectic structure with an “associated” metric,
we get a locally conformal Kahler structure.

Let us summarize the contents of this paper. Let M be a smooth manifold. We consider on M a bivector field 7, a vector
field £ and a 1-form A, and associate with the triple (i, £, A) a skew algebroid (T*M, #, ¢, [., .]ﬁr’é) on M. We prove that if the
pair (r, £) is a Jacobi structure and that = # 0, the skew algebroid (T*M, fi, ¢, [., .]?Tf) is an almost Lie algebroid if and only
if i, z(A) = £.Incase § = A = 0, it is the cotangent algebroid of the Poisson manifold (M, ). We also prove that in case
(r, &) is the Jacobi structure associated with a contact form 7, respectively with a locally conformally symplectic structure
(w, 0), the skew algebroid (T*M, i, ¢, [., '];]r,s ), respectively (T*M, i, ¢, [., .]fLE ), is a Lie algebroid isomorphic to the tangent
algebroid of M.

Next, for a triple (7, &, g) consisting of a bivector field 7, a vector field & and a pseudo-Riemannian metric g on M, we
put A = g(&,&)hg(§)—bg(JE)and [, ']}gr.s =[,. g’g,where bg : TM — T*M and ff; = b, ! are the musical isomorphisms of g
and where J is the endomorphism of the tangent bundle TM given by 7 («, 8) = g(Jfg(c), #1¢(B)), and define a contravariant
derivative D to be the unique contravariant symmetric derivative compatible with g. If (r, £) is Jacobi, and if f, ¢ is an
isometry, a condition that is satisfied in the particular cases of a contact and of a locally conformally symplectic structure,
we prove that D is related to the (covariant) Levi-Civita connection V of g by £ £(DuB) = Vi, . ()fix £(B)-

Finally, with the use of the contravariant Levi-Civita derivative D we introduce a notion of compatibility of the triple
(m,&,g). Incase & = 0, it is just the compatibility of the pair (7, g) introduced by M. Boucetta [5]. In the case of a Jacobi
structure (7, £) associated with a contact metric structure (7, g), the triple (i, &, g) is compatible if and only if the structure
(n, g) is (1/2)-Kenmotsu. In case (i, &) is the Jacobi structure associated with a locally conformally symplectic structure
(w, 0), if g is a somehow associated metric, the triple (7, &, g) is compatible if and only if the structure (w, 6, g) is locally
conformally Kdhler.

2. Almost Lie algebroids associated with a Jacobi manifold
2.1. Almost Lie algebroids associated with a Jacobi manifold

Throughout this paper M is a smooth manifold, 7z a bivector field and & a vector field on M.
The pair (;r, &) defines a Jacobi structure on M if we have the relations

[, m]=26Am et [&,m]:=Lew =0, (2.1)
where [., .] is the Schouten-Nijenhuis bracket. We say that (M, r, £) is a Jacobi manifold. In the case & = 0, the relations
above are reduced to [, 7| = 0 that corresponds to a Poisson structure (M, ).

Recall on the other hand, see for instance [8], that a skew algebroid over M is a triple (A, fla, [., .]4) where A is the

total space of a vector bundle on M, fi4 is a vector bundle morphism from A to TM, called the anchor map, and [., .]4 :
I'(A) x I'(A) — I'(A),(a, b) — [a, b],, is an alternating R-bilinear map over the space I"(A) of sections of A verifying the
Leibniz identity:

la, ¢bls = ¢la, bls + 2a(a)(@)b, Ve € C*(M), Va,b € I'(A).

A skew algebroid (A, fia, [., .]4) is an almost Lie algebroid if
fa ([a, bla) = [#a(a), 8a(b)], Va,b € I'(A),

and a Lie algebroid if (I"(A), [., .]4) is a Lie algebra, i.e., if the bracket [., .], satisfy the Jacobi identity
[a, [b, clala + [b, [c, alals + [c, [a, bl4ls =0, Va,b,c e I'(A).

Note that a Lie algebroid is an almost Lie algebroid, indeed, it is well known that the Leibniz identity and the Jacobi identity
together imply that the anchor map is a Lie algebra morphism. On the other hand, an almost Lie algebroid (4, 4, [., .]4) such
that the anchor map fi4 is an isomorphism is a Lie algebroid isomorphic to the tangent algebroid (TM, idy, [., .]) of M.

Letfl, : T*M — TM be the vector bundle morphism defined by 8 (#» («)) = 7 (@, 8) and let[., .|, : 21 (M)x 21 (M) —
£21(M) be the map defined by

lor, By = Liz@)B — Lagpya — d (7(ex, B)),
called the Koszul bracket. Consider the morphism of vector bundles #§ ¢ : T*M — TM defined by

ﬁnf(a) = ﬁn(a) + (X(E)E
and, for a 1-form A € 2'(M), the map [, . i,g : 21M) x 21 (M) — £21(M) defined by

[, BT ¢ = lat, B, + (&) (LeB — B) — B(E) (Lex — &) — (e, B)A.
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