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h i g h l i g h t s

• Interaction between two non-radially symmetric camphor particles is investigated.
• ODEs for the positions and angles are obtained by the center manifold reduction.
• Major axes of two elliptic particles align vertically to the center-to-center line.
• Theoretical results are supported by numerical and experimental results.

a r t i c l e i n f o

Article history:
Received 30 June 2017
Received in revised form 29 September
2017
Accepted 7 November 2017
Available online 2 December 2017
Communicated by Y. Nishiura

Keywords:
Camphor particle
Interaction
Non-radial symmetry
Self-propelled system

a b s t r a c t

In this study, the interaction between two non-radially symmetric camphor particles is theoretically
investigated and the equation describing the motion is derived as an ordinary differential system for
the locations and the rotations. In particular, slightly modified non-radially symmetric cases from radial
symmetry are extensively investigated and explicit motions are obtained. For example, it is theoretically
shown that elliptically deformed camphor particles interact so as to be parallel with major axes. Such
predicted motions are also checked by real experiments and numerical simulations.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Spontaneous motions are one of the most attractive behav-
iors both from phenomenological and theoretical points of view
(e.g. [1–3] and the references in them). Traveling pulses are typical
examples and extensive research has been conducted in this area
(e.g. [1,4–7]).

Recently, a camphor particle floating on water was considered
and the occurrence of spontaneous motions of a camphor parti-
cle was reported theoretically and experimentally [8–18]. Among
them, radially symmetric camphor particles have been mainly
treated and it was shown that the spontaneous motion can occur
due to the symmetry breaking of the profile of dissolved camphor
molecules at the water surface even if the camphor particle is
radially symmetric. In practice, such symmetry breaking of cam-
phor concentration profile causes an asymmetrical surface ten-
sion around the particle and, therefore, spontaneous motions of a
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camphor particle appear as the bifurcating branch from a standing
solution by a pitchfork bifurcation. This can be regarded as a typical
example of traveling spot in R2.

On the other hand, an asymmetric camphor particle has been
considered as a natural extension from symmetric particles. It was
reported that for an elliptic camphor particle the spontaneous trav-
eling motion in the minor-axis direction primarily appears both
theoretically and numerically (e.g. [14,15]). They also investigated
various parameter sets numerically and checked what kind of be-
haviors, such as a travelingmotion, self-rotatingmotion, and so on,
appear in each parameter region. In particular, they suggested the
existence of an appropriate parameter region in which an elliptic
camphor particle can stand still.

In this study, we focus on the aforementioned fact and investi-
gate the interaction between two standing asymmetric camphor
particles as the first step to analyze multi-camphor particles. In
fact, there has been a lot of research related to multi-camphor
particles (e.g. [19–28]) such as analysis of the jam of camphor
particles on a circle (e.g. [28]) although almost all of them are
related to the interaction in one-dimensional space.
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Fig. 1. Camphor particle Ωj with the location pj and the characteristic angle Θj .

On the other hand, only few analyzes of the interaction be-
tween multi-camphor particles in two-dimensional space have
beenpresented, and even so, only for the case of radially symmetric
particles. In fact, in [13], the interaction between two radially
symmetric camphor particles was shown to be repulsive in a
mathematically rigorous way, in which the equation describing
the motion of two interacting traveling camphor particles with
sufficiently small velocities was derived.

Here, we consider the interaction between non-radially sym-
metric camphor particles, but use the interaction of standing spot
solutions as the first step to dealwithmulti-camphor particleswith
non-radially symmetric shapes.

We only consider two camphor particles. The consideredmodel
equation is⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

τ1ṗj =

∫
∂Ωj(t)

γ (u)n ds,

τ2Θ̇j =

∫
∂Ωj(t)

γ (u)(r × n) ds,

∂tu = d∆u − αu + a0
(
χΩ1(t)(x) + χΩ2(t)(x)

)
(1.1)

for j = 1, 2, where all coefficients τj, d, α, and a0 are all positive
constants. γ (u) is a decreasing function, and χA(x) is the character-
istic function for a set A ⊂ R2. Here, u(t, x) denotes the surface
concentration of the camphor molecular layer on water surface.
Camphor particles are represented by Ωj(t) with ∂Ωj(t) = {x ∈

R2
; x = pj(t) + r} as in Fig. 1, where n is the outward normal

unit vector of ∂Ωj(t), pj denote the locations of camphor particles,
and Θj are the characteristic angles of the camphor particles. The
vector product in two dimensions is defined as r×n = r1n2−r2n1,
where r =

t (r1, r2) and n =
t (n1, n2).

The physical meanings of Eq. (1.1) are as follows. The first and
second equations represent balanced equations for the positions
and the characteristic angles of camphor particles, respectively.
The left-hand sides of both equations denote the resistance for
translation and rotation, while the right-hand sides are the force
and torque originating from the inhomogeneity of surface tension
γ (u). The constants τ1 and τ2 are the resistance coefficients for the
translation and the rotation, respectively. The third equation rep-
resents the time evolution of concentration of camphor molecular
layer, and the right-hand side is composed of the terms describing
diffusion, sublimation into the air, and supply from the camphor
particle. Here, d, α, and a0 are the diffusion constant, the sublima-
tion rate, and supply rate from the camphor particle per unit area,
respectively.

In real systems, the Marangoni convection is induced by the
surface tension difference at water surface [29–32]. Therefore, we
have to consider hydrodynamics to discuss the actual phenomenon
inmore detail. In the other place, one of the authors discuss that the
effect of the hydrodynamic effect is regarded as effective diffusion
when the camphor particle is moving with a sufficiently small
velocity [33]. In this sense, our model does not precisely describe
the motion of the camphor particle. However, since our model

is constructed with simple equations, and thus we consider our
model can be adopted to the other phenomena such as chemotactic
motion inwhich an object release chemicals fromwhich the object
tends to escape [1,34,35].

For a single camphor particle with elliptic shape, the model
equation was originally proposed in [15] as follows:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

mp̈ + τ1ṗ =

∫
∂Ω(t)

γ (u)n ds,

IΘ̈ + τ2Θ̇ =

∫
∂Ω(t)

γ (u)(r × n) ds,

∂tu = d∆u − αu + a0χΩ(t)(x),

(1.2)

where mp̈ and IΘ̈ are inertia terms for translation and rotation,
respectively. As mentioned above, it was shown in [14,15] that an
elliptic camphor particle tends tomove in theminor-axis direction.
It was also suggested by numerical simulations that a single elliptic
camphor particle stands still when τ1 and τ2 are large. In this paper,
we consider this case but with two identical elliptic camphors. In
that case, each camphor particle does not move if it exists alone
and hence, we can expect that the movements of two interacting
camphor particles are rather slow. Thus, we neglect acceleration
terms p̈ and Θ̈ in (1.2) and consider (1.1).

By analyzing the interaction of them in (1.1), we can show that
each camphor particlewith elliptic shapemoves and rotates so that
their major axes are orthogonal to the center line connecting p1
and p2 if each camphor particle is slightly deformed from radial
symmetry.

This paper is organized as follows: In Section 2, we present the
model equation for a single particle that we treat in this paper
precisely. It is not (1.1) but a slightlymodified version. In Section 3,
the analysis of the interaction between two camphor particles is
described. The validation of theoretical results using real exper-
iments is described in Section 4. The theoretical results are also
checked with numerical calculation and subsequently presented
in Section 5.

2. Preliminaries for (1.1) and a single camphor particle

Before we deal with two camphor particles, we first consider a
model of a single camphor particle. Themodel equation for a single
camphor particle corresponding to (1.1) is⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

τ1ṗ =

∫
∂Ω(t)

γ (u)n ds,

τ2Θ̇ =

∫
∂Ω(t)

γ (u)(r × n) ds,

∂tu = d∆u − αu + a0χΩ(t)(x).

(2.1)

Dividing the first and the second equations of (2.1) by τ1 and τ2,
respectively, we consider⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ṗ =

∫
∂Ω(t)

γ1(u)n ds,

Θ̇ =

∫
∂Ω(t)

γ2(u)(r × n) ds,

∂tu = d∆u − αu + a0χΩ(t)(x).

(2.2)

Hereafterwe assume γ1 and γ2 are certain decreasing functions but
make no other assumptions, that is, γj(u) are not necessarily equal
to γ (u)/τj of (1.1).

Let R(Θ) :=

(
cosΘ − sinΘ

sinΘ cosΘ

)
and Ω0 be a fixed camphor particle

located at the origin O and the characteristic angle Θ = 0 as in
Fig. 2. Then Ω with the location p and the characteristic angle Θ is
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