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We consider models with nearest-neighbour interactions and with the set [0, 1] of spin

values, on a Cayley tree of order k ≥ 1. It is known that the “splitting Gibbs measures” of the

model can be described by solutions of a nonlinear integral equation. Recently, by solving this

integral equation some periodic (in particular translation invariant) splitting Gibbs measures were

found. In this paper we give three constructions of new sets of nontranslation invariant splitting

Gibbs measures. Our constructions are based on known solutions of the integral equation (1.5).
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1. Introduction

Let us first give necessary definitions, then explain what is the main problem;
secondly we give the history of its solutions and then formulate the part of the
problem which we want to solve in this paper.

A Cayley tree Ŵk of order k ≥ 1 is an infinite tree, i.e. a graph without cycles,
such that exactly k + 1 edges originate from each vertex. Let Ŵk = (V , L) where
V is the set of vertices and L the set of edges.

Two vertices x and y are called nearest neighbours if there exists an edge l ∈ L
connecting them. We will use the notation l = 〈x, y〉.

A collection of nearest neighbour pairs 〈x, x1〉, 〈x1, x2〉, ..., 〈xd−1, y〉 is called
a path from x to y. The distance d(x, y) on the Cayley tree is the number of
edges of the shortest path from x to y.

For a fixed x0 ∈ V , called the root, we set

Wn = {x ∈ V | d(x, x0) = n}, Vn =
n⋃

m=0

Wm, Ln = {〈x, y〉 ∈ L : x, y ∈ Vn}

and denote
Sk(x) = {y ∈ Wn+1 : d(x, y) = 1}, x ∈ Wn,

the set of direct successors of x on the Cayley tree of order k.
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We consider models where the spin takes values in the set [0, 1], and spins
are assigned to the vertices of the tree. For A ⊂ V , a configuration σA on A
is an arbitrary function σA : A → [0, 1]. Denote by �A = [0, 1]A the set of all
configurations on A. We denote � = [0, 1]V .

The Hamiltonian of the model is

H(σ) = −J
∑

〈x,y〉∈L

ξσ(x)σ (y), (1.1)

where J ∈ R \ {0} and ξ : (u, v) ∈ [0, 1]2 → ξuv ∈ R is a given bounded, measurable
function.

Let λ be the Lebesgue measure on [0, 1]. On the set of all configurations on
A the a priori measure λA is introduced as the |A|-fold product of the measure λ,
where |A| denotes the cardinality of A.

We consider a standard sigma-algebra B of subsets of � = [0, 1]V generated by
the measurable cylinder subsets.

A probability measure µ on (�,B) is called a Gibbs measure (corresponding to
the Hamiltonian H ) if it satisfies the DLR equation, namely for any n = 1, 2, . . .
and σn ∈ �Vn ,

µ
({

σ ∈ � : σ
∣∣
Vn

= σn

})
=
∫

�

µ(dω)ν
Vn
ω|Wn+1

(σn),

where

ν
Vn
ω|Wn+1

(σn) =
1

Zn

(
ω
∣∣
Wn+1

) exp
(
−βH

(
σn || ω

∣∣
Wn+1

))
,

and β = 1
T

, T > 0 is temperature. Furthermore, σ
∣∣
Vn

and ω
∣∣
Wn+1

denote the

restrictions of configurations σ, ω ∈ � to Vn and Wn+1, respectively. Next, σn : x ∈
Vn 7→ σn(x) is a configuration in Vn and

H
(
σn || ω

∣∣
Wn+1

)
= −J

∑

〈x,y〉∈Ln

ξσn(x)σn(y) − J
∑

〈x,y〉: x∈Vn,y∈Wn+1

ξσn(x)ω(y).

Finally,

Zn

(
ω
∣∣
Wn+1

)
=
∫

�Vn

exp
(
−βH

(
σ̃n || ω

∣∣
Wn+1

))
λVn(dσ̃n).

The main problem for a given Hamiltonian is to describe all its Gibbs measures.
See [8] for a general definition of Gibbs measure, motivations why these measures
are important and the theory of such measures.

This main problem is not completely solved even for simple Ising or Potts
models on a Cayley tree with a finite set of spin values. Mainly this problem is
solved for the class of splitting Gibbs measures (SGMs) [11] (Markov chains [8]),
which are limiting Gibbs measures constructed by Kolmogorov’s extension theorem
of the following finite-dimensional distributions: given n = 1, 2, . . . , consider the
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