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Abstract In this work, an approach is implemented for finding exact solutions of an incompress-

ible MHD aligned flow with heat transfer in a second grade fluid. This approach based on travelling

wave phenomenon. The partial differential equations (PDEs) are reduced to ordinary differential

equations (ODEs) by using wave parameter. The methodology used in this work is independent

of perturbation, symmetry consideration and other restrictive assumption. Comparison is made

with the results obtained previously.
ª 2010 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

It is an established fact that the flow characteristics of non-

Newtonian fluids are quite different when compared with the

viscous fluids. Therefore, the well-known Navier–Stokes equa-
tions (Berker, 1963; Chandna et al., 1982; Chandna and

Oku-Ukpong, 1994a; Hui, 1987; Naeem and Jamil, 2006) are
inappropriate for the non-Newtonion fluids. There are numer-
ous models of fluids are mainly classified in the literature. The
flows of non-Newtonion fluids (Khan et al., 2009; Fetecau

et al., 2008; Fetecau et al., 2006) are mainly classified into dif-
ferential, integral and rate type fluids. Amongst these, the
flows of differential type fluids have attracted the mathemati-

cian, computer programmers and numerical solvers. The con-
stitutive equations of differential type fluids are very complex.
Several authors in fluid dynamics are engaged with equations

of motion of second grade fluid (Hayat et al., 2005; Siddiqui
et al., 1985; Labropulu, 2003; Siddiqui, 1990; Rajagopal,
1980; Rajagopal and Gupta, 1984; Kaloni and Huschilt,

1984; Siddiqui and Kaloni, 1986; Mohyuddin et al., 2005;
Ali and Hasan, 2007; Ali et al., 2007).
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Ting (1963) has studied unsteady flows of a second grade
fluid in a bounded region. He studied that the solution exists
only if the coefficient of the higher order derivative in the gov-

erning equation positive. In 1994, Chandna and Oku-Ukpong
(Chandna and Oku-Ukpong, 1994b) studied MHD aligned
flow of a second grade fluid by assuming the prescribed form

of vorticity. By taking the vorticity to be proportional to the
stream function perturbed by a uniform stream, Lin and
Tobak (Lin and Tobak, 1986), Benharbit and Siddiqui

(Benharbit and Siddiqui, 1992), Labropulu (Labropulu,
2000), they investigated the exact solutions for second grade
fluid. Under the slow motion assumption Dolapçi and
Pakdemirli (Dolapçi and Pakdemirli, 2004) found the exact

solution by Lie group method. Yürüsoy (Yürüsoy, 2004)
found exact solutions of steady creeping flow of a second grade
fluid with heat transfer via Lie group. Recently, for creeping

flow Afify (Afify, 2009) studied the Lie group analysis ap-
proach and found the exact solutions for steady MHD aligned
second grade fluid with heat transfer.

In this work, the MHD aligned unsteady flow of a second
grade fluid with heat transfer is studied. The study of flow
for an electrically conducting fluid has applications in many

engineering problems such as MHD generators, plasma stud-
ied, geothermal energy extractions and electromagnetic pro-
pulsion. The electromagnetic propulsion system is closely
associated with magneto chemistry, requires a complete under-

standing of the equation of state and transport properties such
as diffusion, stress–shear rate relationship, thermal conductiv-
ity and radiation. The investigations of the travelling wave

solution of nonlinear equations play an important role in the
study of nonlinear physical phenomena. Travelling wave phe-
nomenon, that appears in many areas such as physics (El-Wakil

and Abdou, 2008; Yildirim and Gülkanat, 2010), mathemati-
cal biology (Mohyud-Din et al., 2010), chemical kinetics, fiber
optics, fluid mechanics, etc.

To the best of our knowledge only few studies, which deal
with the flows of MHD aligned second grade fluid available in
the literature. For the present paper, the method adopted is as
follows. In Section 2, we put forward the statement of the

problem. A theoretical development of Section 3 is illustrated
by solution of the equations of motion of MHD aligned sec-
ond grade fluid with heat transfer in Section 4. Section 5 syn-

thesis the concluding remarks.

2. Flow development

The equations of motion of an unsteady MHD aligned flow of
a second grade fluid with heat transfer is governed by

qt þ divðqVÞ ¼ 0 ðContinuityÞ ð1Þ

q
dV

dt
¼ divsþ KðCurl HÞ �Hþ qr1 ðLinear momentumÞ ð2Þ

divH ¼ 0 ðSolenoidalÞ ð3Þ

Ht ¼ CurlðV�HÞ � 1

Kd
CurlðCurl HÞ ðDiffusionÞ ð4Þ

q
dE

dt
¼ s:L� div qþ qr2 ðEnergyÞ ð5Þ

The constitutive equations for the stress of a second grade fluid
given by Coleman and Noll (Coleman and Noll, 1960)

s ¼ �pIþ lL1 þ a1L2 þ a2L
2
1 ð6Þ

L1 ¼ ðgrad VÞ þ ðgrad VÞ� ð7Þ

L2 ¼
dL1

dt
þ L1ðgrad VÞ þ ðgrad VÞ�L1 ð8Þ

Here V is the velocity, p is the fluid pressure function, q the

density, l the constant viscosity, grad the gradient operator,
‘*’ the transpose, d

dt
the material time derivative, a1; a2 are the

constant normal stress moduli, L1 and L2 are the first two

Rivlin–Ericksen tensors, r1 the body force per unit mass, r2
is the radiant heating (assumed to be zero), E ¼ CpT is the spe-
cific internal energy, Cp is the specific heat and T is the temper-
ature, q ¼ �krT is the heat flux vector, k is the constant

thermal conductivity.
If an incompressible fluid of second grade is to have mo-

tions that are compatible with thermodynamics in the sense

of the Clausius–Duhem inequality and the condition that the
Helmholtz free energy be a minimum when the fluid is at rest,
then the following must be satisfied (Dunn and Fosdick, 1974)

l P 0; a1 P 0; a1 þ a2 ¼ 0 ð9Þ

In this paper, we shall consider a second grade fluid which
under goes isochoric motion in a plane and body force is
negligible, we take V ¼ ðuðx; y; tÞ; vðx; y; tÞ; 0Þ, p ¼
pðx; y; tÞH ¼ ðH1ðx; y; tÞ;H2ðx; y; tÞ; 0Þ and T ¼ Tðx; y; tÞ so
that our flow Eqs. (1)–(5) takes the form
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