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Abstract In the present paper, we study the integro-differential equations which are combination

of differential and Fredholm–Volterra equations that have the fractional order with constant coef-

ficients by the homotopy perturbation and the variational iteration. The fractional derivatives are

described in Caputo sense. Some illustrative examples are presented.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

During the past decades, the topic of fractional calculus has

attracted many scientists and researchers due to its applica-
tions in many areas, see Podlubny (1999), Gaul et al. (1991),
Glockle and Nonnenmacher (1995); Hilfert (2000). Thus several

researchers have investigated existence results for solutions to
fractional differential equations due to the fact that many
mathematical formulations of physical phenomena lead to

integro-differential equations, for instance, mostly these types
of equations arise in continuum and statistical mechanics
and chemical kinetics, fluid dynamics, and biological models,

for more details see Baleanu et al. (2012), Kythe and Puri
(2002), Mainardi (1997).

Integro-differential equations are usually difficult to solve
analytically, so it is required to obtain an efficient approximate
solution. The homotopy perturbation method and variational
iteration method which are proposed by He (1999a,b) are of

the methods which have received much concern. These meth-
ods have been successfully applied by many authors such as
Abbasbandy (2007), Abdulaziz et al. (2008); Yıldırım (2008).

In this work, we study the Integro-differential equations which
are combination of differential and Fredholm–Volterra
equations that have the fractional order. In particular, we

applied the HPM and VIM for fractional Fredholm
Integro-differential equations with constant coefficients of
the form

X1
k¼0

PkD
a
�uðtÞ¼ gðtÞþk

Z a

0

Hðx;tÞuðtÞdt; a � x; t � b ð1:1Þ

under the initial-boundary conditions

Da
�uðaÞ ¼ uð0Þ

Da
�uð0Þ ¼ u0ðaÞ ð1:2Þ
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where a is constant and 1 < a � 2 and Da
� is the fractional

derivative in the Caputo sense.

2. Preliminaries

In this section, we give some basic definitions and properties of
fractional calculus theory which are used in this paper.

Definition 2.1. A real function fðxÞ; x > 0 is said to be in
space Cl; l 2 R if there exists a real number p > l, such that
fðxÞ ¼ xpf1ðxÞ where f1ðxÞ 2 Cð0;1Þ, and it is said to be in the
space Cn

l if fn 2 Rl; n 2 N.

Definition 2.2. The Riemann–Liouville fractional integral

operator of order a � 0 of a function f 2 Cl; l � �1 is
defined as:

JafðxÞ ¼ 1

ðCðaÞÞ

Z x

0

ðx� tÞa�1fðtÞdt; a > 0; t > 0 ð2:1Þ

in particular J0fðxÞ ¼ fðxÞ

For b P 0 and c P �1, some properties of the operator Ja

1. J aJbf ðxÞ ¼ J aþbf ðxÞ
2. J aJbf ðxÞ ¼ J bJ af ðxÞ

3. J axc ¼ Cðcþ 1Þ
Cðaþ cþ 1Þ x

aþc

Definition 2.3. The Caputo fractional derivative of

f 2 Cm
�1; m 2 N is defined as:

DafðxÞ ¼ 1

Cðm� aÞ

Z x

0

ðx� tÞm�a�1
fmðtÞdt; m� 1 < a � m

ð2:2Þ

Lemma 2.4. if m� 1 < a � m, m 2 N; f 2 Cm
l ; l > �1 then

the following two properties hold

1. Da½J af ðxÞ� ¼ f ðxÞ
2. J a½Daf ðxÞ� ¼ f ðxÞ �

Pm�1
k¼1 f kð0Þ xk

k!

3. Homotopy perturbation method

The homotopy perturbation method first proposed by He
(2005, 2006) is applied to various problems (He, 2005,, 2006,

2000, 2003).
To illustrate the basic idea of this method, we consider the

following nonlinear differential equation

AðuÞ � fðrÞ ¼ 0; r 2 X ð3:1Þ

with boundary conditions

B u;
@u

@n

� �
¼ 0; r 2 C ð3:2Þ

where A is a general differential operator, B is a boundary
operator, fðrÞ is a known analytic function, C is the boundary
of the domain X.

In general, the operator A can be divided into two parts L
and N, where L is linear, while N is nonlinear. Eq. (3.1) there-
fore can be rewritten as follows

LðuÞ þNðuÞ � fðrÞ ¼ 0 ð3:3Þ

By the homotopy technique (Liao, 1995, 1997). We construct a
homotopy vðr; pÞ : X� ½0; 1� ! R which satisfies

Hðv;pÞ¼ð1�pÞ½LðvÞ�Lðu0Þ�þp½AðvÞ� fðrÞ�¼0 p2 ½0;1�; r2X

ð3:4Þ

or

Hðv; pÞ ¼ LðvÞ � Lðu0Þ þ pLðu0Þ þ p½NðvÞ � fðrÞ� ¼ 0 ð3:5Þ

where p 2 ½0; 1� is an embedding parameter, u0 is an initial
approximation of Eq. (3.1) which satisfies the boundary
conditions.

From Eqs. (3.4), (3.5) we have

Hðv; 0Þ ¼ LðvÞ � Lðu0Þ ¼ 0; ð3:6Þ

Hðv; 1Þ ¼ AðvÞ � fðrÞ ¼ 0: ð3:7Þ

The changing in the process of p from zero to unity is just that
of vðr; pÞ from u0ðrÞ to uðrÞ. In topology this is called deforma-
tion and LðvÞ � Lðu0Þ, and AðvÞ � fðrÞ are called homotopic.

Now, assume that the solution of Eqs. (3.4), (3.5) can be
expressed as

v ¼ v0 þ pv1 þ p2v2 þ . . . ð3:8Þ

The approximate solution of Eq. (3.1) can be obtained by
Setting p ¼ 1.

u ¼ lim v
p!1
¼ v0 þ v1 þ v2 þ . . . ð3:9Þ

4. The variational iteration method

To illustrate the basic concepts of VIM, we consider the fol-

lowing differential equation

LðuÞ þNðuÞ ¼ gðxÞ ð4:1Þ

where L is a linear operator, N nonlinear operator, and gðxÞ is
an non-homogeneous term.

According to VIM, one constructs a correction functional
as follows

ynþ1 ¼ yn þ
Z x

0

k LynðsÞ �N eynðsÞ½ �ds ð4:2Þ

where k is a general Lagrange multiplier, and eyn denotes
restricted variation i.e d eyn=0.

Remark. For the analysis of HPM and VIM we refer the

reader to Kadem and Kilicman (2012); Elbeleze et al. (2012).

5. Numerical examples

In this section, we have applied the homotopy perturbation
method and variational iteration method to linear and nonlin-

ear Fredholm Integro-differential equations of fractional order
with known exact solution

Example 5.1. Consider the following linear Fredholm integro-

differential equation:
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