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a b s t r a c t

In this paper, we obtain the uniqueness of the 2D MHD equations, which fills the
gap of recent work by Chemin et al. (2015).

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

This paper considers the 2D MHD equations given by
∂tu+ u · ∇u+∇p− ν∆u = B · ∇B,
∂tB + u · ∇B −B · ∇u = 0,
divu = 0, divB = 0,
u(x, 0) = u0(x), B(x, 0) = B0(x).

(1.1)

Here t ≥ 0, x ∈ R2, u = u(x, t) and B = B(x, t) are vector fields representing the velocity and the magnetic
field, respectively, p = p(x, t) denotes the pressure and ν is a positive viscosity constant.

(1.1) has been investigated by many mathematicians. In 2014, by establishing a generalized Kato–Ponce
estimate (see [1] for the well-known result):

⟨u · ∇B | B⟩Ḣs ≤ C∥∇u∥Hs∥B∥
2
Hs , s >

d

2 , d = 2, 3,

Fefferman et al. [2] obtained the local existence and uniqueness for (1.1) and related models with the initial
data (u0, B0) ∈ Hs(Rd), s > d2 . For other results concerning regularity criteria, we refer to [3,4].
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Very recently, Chemin et al. in [5] obtained the local existence for (1.1) in 2D and 3D. But for the 2D
case, the uniqueness was not obtained. Our main result is filling the gap of their works. The details can be
described as follows:

Theorem 1.1. For u0 ∈ B0
2,1(R2) and B0 ∈ B1

2,1(R2) with divu0 = divB0 = 0, there exists a time
T = T (ν, ∥u0∥B0

2,1
, ∥B∥B1

2,1
) > 0 such that the system (1.1) has a unique solution (u,B) with

u ∈ C([0, T ];B0
2,1(R2)) ∩ L1([0, T ];B2

2,1)

and

B ∈ C([0, T ];B1
2,1(R2)).

2. Preliminaries

Let B = {ξ ∈ Rd, |ξ| ≤ 4
3} and C = {ξ ∈ Rd, 3

4 ≤ |ξ| ≤
8
3}. Choose two nonnegative smooth radial

function χ, ϕ supported, respectively, in B and C such that

χ(ξ) +

j≥0
ϕ(2−jξ) = 1, ξ ∈ Rd,


j∈Z
ϕ(2−jξ) = 1, ξ ∈ Rd \ {0}.

We denote ϕj = ϕ(2−jξ), h = F−1ϕ and h̃ = F−1χ, where F−1 stands for the inverse Fourier transform.
Then the dyadic blocks ∆j and Sj can be defined as follows:

∆jf = ϕ(2−jD)f = 2jd


Rd
h(2jy)f(x− y)dy,

Sjf =

k≤j−1

∆kf = χ(2−jD)f = 2jd


Rd
h̃(2jy)f(x− y)dy.

Formally, ∆j = Sj−Sj−1 is a frequency projection to annulus {ξ : C12j ≤ |ξ| ≤ C22j}, and Sj is a frequency
projection to the ball {ξ : |ξ| ≤ C2j}. One can easily verify that with our choice of ϕ

∆j∆kf = 0 if |j − k| ≥ 2 and ∆j(Sk−1f∆kf) = 0 if |j − k| ≥ 5.

With the introduction of ∆j and Sj , let us recall the definition of the Besov space.
Let s ∈ R, (p, q) ∈ [1,∞]2, the homogeneous space Ḃsp,q is defined by

Ḃsp,q = {f ∈ S′; ∥f∥Ḃsp,q <∞},

where

∥f∥Ḃsp,q =




j∈Z

2sqj∥∆jf∥qLp

 1
q

, for 1 ≤ q <∞,

sup
j∈Z

2sj∥∆jf∥Lp , for q =∞,

and S′ denotes the dual space of S = {f ∈ S(Rd); ∂αf̂(0) = 0; ∀ α ∈ Nd multi-index} and can be identified
by the quotient space of S ′/P with the polynomials space P.

Let s > 0, and (p, q) ∈ [1,∞]2. The inhomogeneous Besov space Bsp,q is defined by

Bsp,q = {f ∈ S ′(Rd); ∥f∥Bsp,q <∞},
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