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1. Introduction

This work is devoted to the analysis of solutions that solve the following coupled nonlinear stationary bi-harmonic
Schrédinger system (BNLSS)

{Azul + Mg = | ug + Bluz | ug |7 Ty (1.1)

A%y + hotty = oz * Uy + Blua| " uz |7 i
where A, u; > 0,u; € W22(RN) with j = 1, 2, B denotes a real parameter and x € R", with N = 2, 3 (for physical
purposes).

To simplify the computations in this work we assume o = 1, hence we will study the system

{AZU] + )»1”1 = /,Lllﬁ + ,Bugu1
AZUZ + )\.2112 = Mzug + ,Bu%llz

which has been analysed in the context of stability of solitons in magnetic materials when effective quasi-particle mass
becomes infinite. Moreover, note that system (1.2) appears after assuming the bi-harmonic nonlinear Schrodinger equation
(BNLSE) of the form

(1.2)

iW, — AW + k|W|*W =0, (1.3)
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where i denotes the imaginary unit, k > 0.Then, if x = 1and W is the sum of two right and left-hand polarized waves a; W,
and a,W,, where ay, a; € R, the preceding equation (1.3) provides us with the following coupled nonlinear bi-harmonic
Schrodinger system
iW]_t — AZW] + |a1W1 + 612W2|20W1 =0 (1 4)
l.W2.[ — AZWZ + |a1W1 + 02W2|2GW2 =0 ’
i

where W;, = —*, j = 1, 2. For this problem we look for standing waves or finite-energy waveguide solutions of the form

Wit %) = e™fy(o, j=1,2,

where A; > 0 and u; are real value functions, which solve the system (1.2). Rearranging terms in (1.4) one can easily see that
u; solve the stationary system (1.2).

Problem (1.2) is the bi-harmonic version of a similar one studied, among others, in [1-5] where a non-linear system of
coupled nonlinear Schrédinger equations (NLSE) of the form

{—Aul + Ay = pqu + uduy (15)

— AUy + dolly = pou3 + Buiuy

with direct applications to nonlinear optics, Bose-Einstein condensates, etc., was considered; see for instance [6]. See also [7]
where a linearly coupled system was considered and note that in [8] system (1.5) was studied in the one-dimensional case
dealing with the fractional Schrédinger operator (—A)° + Id, % <s<1

Here, we assume that the solutions belong to the Sobolev space E = W22(R"), endowed with the scalar product and
norm

(u, v); ::/ Au- Av +Ajf uv, ||u||j2 =(uu), j=1,2. (1.6)
RN RN
Also, we define E = E x E, and the elements in E will be denoted by u = (uq, u;); as a norm in E we will take

2 2 2
all® = fluglly + lluzll-

Moreover, we denote H as the space of radially symmetric functions in E, and H = H x H.For u € E, respectively,u € E,
we set

i(w) = %/ (IAu)* 4 Au®) dx — %Mj/ u* dx, (1.7)
RN RN
Fu) = } /N (nau + pou3) dx, (1.8)
R
G(u) = G(uy, up) = %/ u?u? dx, (1.9)
RN
F) = J(ur, up) = L) + L(uz) — B G(ug, ua) (1.10)
= 3llul? = F(w) — B G(u). (1.11)

Remark 1.1. We recall a well known result about continuous Sobolev embedding (see, for instance, [9,10]),
E < IP®RY), with2 <p < 2%, (1.12)

which are compact replacing E by the radial subspace H and if in addition N > 2 and 2 < p < 2* (see [10]). Besides, we
recall here the definition of the critical exponent

. 2N .
2 =N ifN>5, and 2*=o00 forN=1,2,3,4. (1.13)

We observe that, by (1.12), the functional ¢ is well defined since F, G make sense for 4 < 2* < N < 8, moreover, for
2 < N < 8 we have that F, G are compact on H. Furthermore, it is easy to prove that the functional g associated to (1.2)
is 1.
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