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In this paper, we consider the nonlinear viscoelastic equation:

utt −△u+
 t

0
g(t− τ)△ u(τ)dτ + |ut|m−2ut

= |u|p−2u, in Ω × [0, T ],
with initial conditions and Dirichlet boundary conditions. For nonincreasing positive
functions g, we show the finite time blow up of some solutions whose initial data
have arbitrarily high initial energy.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In [1], Messaoudi considered the following initial–boundary value problem:
utt −△u+

 t
0
g(t− τ)△u(τ)dτ + aut|ut|m−2 = bu|u|p−2, in Ω × (0,∞)

u(x, t) = 0, x ∈ ∂Ω , t ≥ 0,
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω

(1.1)

where Ω is a bounded domain of Rn (n ≥ 1) with a smooth boundary ∂Ω , p > 2, m ≥ 1, a, b > 0, and
g : R+ → R+ is a positive nonincreasing function. He proved a blow up result for solution with negative
initial energy if p > m, and a global result for p ≤ m. This result was later improved by Messaoudi [2],
to certain solutions with positive initial energy. For the problem (1.1) in Rn and with m = 2, Kafini and
Messaoudi [3] showed, under suitable conditions on g and initial data, that solution with negative energy
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blows up in finite time. Song and Zhong [4] studied a nonlinear viscoelastic equation with strong damping:
utt −∆u+

 t
0
g(t− τ)∆u(τ)dτ −△ut = |u|p−2u, in Ω × [0, T ],

u(x, t) = 0, x ∈ ∂Ω ,
u(x, 0) = u0(x), ut(x, 0) = u1(x),

(1.2)

where Ω ⊂ Rn, is a bounded domain with a smooth boundary ∂Ω . They proved a blow-up result for solutions
with positive initial energy using the “potential well” theory introduced by Payne and Sattinger [5]. Very
recently, Song and Xue [6] proved a blow up result for solution of Eq. (1.2) with arbitrarily high initial energy.

W. Liu [7] discussed the nonlinear viscoelastic problem
|ut|ρutt −△u−△utt +

 t
0
g(t− τ)△u(τ)dτ = bu|u|p−2, in Ω × (0,∞)

u(x, t) = 0, x ∈ ∂Ω , t ≥ 0,
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω .

(1.3)

They proved the general decay result for the global solution and the finite time blow-up of solution.
In related work, Berrimi and Messaoudi [8] considered

utt −△u+
 t

0
g(t− τ)△u(τ)dτ = u|u|p−2, in Ω × (0,∞) (1.4)

in a bounded domain and p > 2. They established a local existence result and showed that the local solution
is global and decays uniformly if the initial data are small enough. In [9], the asymptotic stability and
decay rates, for solutions of the wave equation in star-shaped domains, were established by combination of
memory effect and damping mechanism. In [10], the existence and decay result for viscoelastic problems
with nonlinear boundary damping have been proved. For further work on existence and decay of solutions
of a viscoelastic equation, we refer to [11–24].

For the case when g = 0, it is worth mentioning some other papers in connection with existence, uniform
decay and blow-up of solutions of nonlinear wave equations, e.g., [25–37] and references therein.

In this article, we consider the finite time blow up result for the viscoelastic wave equation (1.1) with
initial data at high enough level. We will show, under suitable conditions on g, that there are solutions of
(1.1) with arbitrarily high initial energy that blow up in finite time.

2. Blow up result

In the section, we shall discuss the blow up of problem (1.1). For simplicity, we assume a = b = 1. We
first state a local existence theorem that can be established by combining arguments of [17,32].

Theorem 2.1. Let (u0, u1) ∈ H1
0 (Ω)× L2(Ω) be given. Let g be a C1 function satisfying

1−
 ∞

0
g(s)ds = l > 0. (2.5)

Let m > 2 and 
2 < p <∞, n = 1, 2,

2 < p ≤ 2(n− 1)
n− 2 , n ≥ 3.

(2.6)

Then problem (1.1) has a unique local solution

u ∈ C([0, Tm);H1
0 (Ω)), ut ∈ C([0, Tm);L2(Ω))


L2(Ω × [0, Tm)),

for some Tm > 0.
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