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This work investigates the incompressible viscous and diffusive MHD system with perfectly
conducting wall boundary condition. For different horizontal and vertical viscosities and
magnetic diffusions, when they go to zero with different or same speeds, we establish the
convergence to the ideal inviscid MHD system and the anisotropic inviscid MHD system by
constructing the exact boundary layer functions.
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1. Introduction

In this paper we consider zero viscosity and diffusion vanishing limit for the three-dimensional incompressible viscous
and diffusive magnetohydrodynamic (MHD) system with Dirichlet boundary condition for the velocity and perfectly
conducting wall boundary condition for the magnetic field

oru™’ +u™ . vut — vlazzu”'” — mAyu™’ + Vp"t =bp"" VO (x,y,z,t) € 2 x (0,T)

divu™ =0, divb"’ =0,
u =0 b™ -n=0

(1.1)

db™ + UtV - VBT —1,92b"Y — Ay b = b1 VuTY, (x,y,z,t) € 2 x (0,T) (1.2)
(*x.y,z,t) € 2 x(0,T) (1.3)

curlb™ xn=0, (x,y,z,t) €932 x (0,T) (1.4)

ut’(t=0)=uy", b (t =0) =by", divul’ =0, divb)" =0, (x,y,2) € 2. (1.5)

Here 2 = R? x [0, 00), the constants 77 or 1, and v; or v, represent the horizontal and vertical viscosities or magnetic
diffusions coefficient respectively, u™", p™" and b™" are the velocity, the pressure and the magnetic field, A, , denotes the
two-dimensional Laplace operator in the variables x and y, and n is the outward normal vector.
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The incompressible viscous and diffusive MHD system (1.1)-(1.3) in the whole space or with slip/no-slip boundary
conditions has been studied extensively, so there is a lot of literature on the well-posedness, regularity and asymptotic
limit topic, see [ 1-9] and references therein. Some authors have done a lot on some regularity criterions, see [2,3,5,7,8] and
references therein. For example, when n; > 0,7, > 0,v; > 0and v, > 0, the MHD system in the whole space and in
the bounded domain with no-slip boundary condition for the velocity and with slip boundary condition for the magnetic
field has a unique global classical solution for smooth initial data when space dimension d = 2, but when d = 3, there
exists a global weak solution for a class of initial data, see [4,6]. Xiao, Xin and Wu investigate the solvability, regularity
and vanishing viscosity limit of the incompressible viscous MHD with slip without friction boundary conditions, see [9].
Wang and Xin also consider boundary layers problem with no-slip boundary conditions and other boundary conditions for
the magnetic field in some particular domains, they give two examples to show viscous boundary layers and their stability
of the shear flow and a class of special steady states of ideal inviscid MHD system, see [10]. In [11], Masmoudi obtained
viscosity vanishing limit for the Navier-Stokes equations with Dirichlet boundary condition by using energy method and
constructing the exact boundary layer functions. Similar as the viscosity vanishing limit for the Navier-Stokes equations,
we point out that the zero-viscosity and diffusion vanishing limit for incompressible viscous and diffusive MHD system
with perfectly conducting wall at the boundary, is a interesting problem because of the formation of the boundary layer, see
[12,2,13-18,11,19-22] and related references. So far, we do not find any zero viscosity vanishing limit results for MHD
system with Dirichlet boundary condition for the velocity and perfectly conducting wall boundary condition for the magnetic
field.

The above works motivate us to consider the asymptotic limit of (1.1)-(1.5) in the half space Ri. We mention here that
our problem is more complicated than problem considered by Masmoudi because of presence of the magnetic field. The
main difficulty is due to the Dirichlet boundary conditions for the velocity and perfectly conducting wall for the magnetic
field. First, let us have a look at the formal asymptotic limit for MHD system. Setting v = (v1, v;) — 0in(1.1)-(1.5), we
have the following three-dimensional anisotropic MHD system formally

Fu™ +um? . vur? — A ut? + VpT0 = b1 VHTO (x,y,z,t) € 2 x (0,T) (1.6)
3b™0 +uh? . VB0 — y A b0 = b0 VU0 (x,y,2,t) € 2 x (0,T) (1.7)
divu™ =0, divh" =0, (x,y,z,t) €2 x(0,T) (1.8)
ul®=0,b7"=0, xy.2zt) €3 x0,T) (1.9)
=0 =u’  pOt=0)=0b"  divul®=0, divb}°=0, (x,y,2) e (1.10)

Second, setting n = (11, n2) — 0in (1.6)-(1.10), we obtain the following ideal inviscid incompressible MHD system

3’0 + 10 . vy 4 vpo0 = p00. wpOO  (x,y,z,t) € 2 x (0, T) (1.11)
3b%0 + 100 . VpOO — pOO 00 (y, y,z,t) € 2 x (0,T) (1.12)
divu®® =0, divh®° =0, (x,y,z,t) €2 x(0,T) (1.13)
W n=—-u=0 b .-n=-b}"=0, (xy,2z1t) €dRx(OT) (1.14)
WOt =0=u®  b"(t=0) =b°  divug® =0, divhg® =0, (x,y,2) € Q. (1.15)

The aim of this paper is to prove the above formal limits rigorously.
The paper is organized as follows. Section 2 gives the main results of this paper. The proofs of the viscosity and diffusion
vanishing limit results for no-slip and perfectly conducting wall boundary case will be presented in Section 3.

2. The main results

In order to give our main theorems in this section, we first recall the following classical results on the existence of
sufficiently regular solutions of the incompressible ideal MHD system (see [4,6]) and the incompressible anisotropic MHD
system, which can be proved similarly as in the ideal MHD system, so we shall omit them.

Proposition 2.1. Assume (ug’o, bg’o) satisfy ug‘o, bg,o € H(82), s > % + 1, divug‘0 =0, divbg’(J = 0. Then there exist 0 <
T* < 0o, the maximal existence time, and a unique smooth solution (u®°, p®°, b®) defined on [0, T*) of (1.11)-(1.15) satisfying
the following inequality:

sup (| u®%, ®) sy + 1Bu®°, 860 llys-1()) < C(T), VT < T*.

0<t<T

Moreover, if (by® - n)(x, y, 2)lae = 0, (curlbg® x n)(x, y,2)lsg = 0, then (b°° - n)(x,y, 2, D)|ag = 0, (curlb®® x m)(x, y,
z,t)|se = 0forall0 <t < T*. If so, we call the initial data to be well-prepared initial data.
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