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1. Introduction

In many industrial devices, looseness of joints leads to unwanted vibrations which may cause untimely wear, defective
behaviour or noise. Such bad consequences are often related to the occurrence of impacts between parts of the device.
Motivated by this kind of problems, we will consider in this paper the dynamics of an elastic beam between rigid
obstacles.

More precisely, we will denote by L the length of the beam and by u(x, t), (x,t) € [0,L] x [0, T],T > O, the vertical
displacement of a point x belonging to the beam axis. Then the shear stress is given by

N
=5

where E and p are the Young's modulus and the density of the material and S and I are the surface and the inertial momentum
of the cross section of the beam. See Fig. 1.
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Fig. 1. Beam between longitudinal rigid obstacles.

The motion is limited by some rigid obstacles which position under and above the beam is characterized by two mappings
g1, 8 : [0, L] = R U {—o00, +00} such that

g1x) = —g<0<g=<gkx Vxel0Il] (1.1)

with g € R . Let us observe that g; and/or g, are not assumed to be continuous and g;(x) and/or g,(x) may take infinite
values allowing to consider either longitudinal or punctual obstacles. The beam is clamped at its left end while it can move
freely between the obstacles at its right end. Furthermore we assume that the motion is planar.

For the variational formulation of the problem, we introduce the following functional spaces:

H=1°0,01), V={weH*0,L); w(0) = w(0) =0}
and the convex set
K={weV; g <wk < gX Vxe[0,L]}.

Then, for any given density of external forces f € L?(0, T; H) and initial data uy € K, vy € H, the dynamics of the beam is
described by (see [1] or [2,3])

Find u € L?(0, T; K) such that u; € L%(0, T; H), u(-, 0) = ug and

T L T L
— f / ue(x, ) (we(x, £) — ue(x, £)) dxdt + kZ/ / U (%, 1) (W (X, 1) — Uy (x, 1)) dx dt
(P) . 0 0 ; L 0 0
> / vo(x) (w(x, 0) — ug(x)) dx + f f fx O (wx, 0) —ulx, t)) dxde

0 o Jo
Yw € [*(0, T; K) such that w, € L*(0, T; H) and w(-, T) = u(-, T).

For this kind of problem the first existence result has been obtained by K. Kuttler and M. Shillor [1] in the case of a punctual
obstacle atx = Li.e.g1(x) = —oc and g,(x) = oo forallx € [0,L) and —oo < g1(L) < 0 < g2(L) < 400 (see also [4]
for the more complex geometrical setting of two beams in contact across a joint with clearance). For a longitudinal obstacle
with a smooth shape located under the beam (i.e. g,(x) = +oo forallx € [0,L]and g € CO([O, L]; R*) with g1(0) < 0)
another existence result is proposed by J. Ahn and D. Stewart in [5,6]. These results rely on the construction of approximate
solutions either by using a normal compliance technique [1,6] or a time-discretization of the variational inequality [5]. The
general case (i.e. any mappings g1, g») is considered in [2] where fully discretized approximate problems are built, based on

the method of lines, by combining a classical space discretization with a time-stepping algorithm for rigid bodies dynamics
with unilateral constraints. Indeed, for any finite dimensional subspace V}, of V, the Galerkin approximation of (P) leads to

Find uy, € LZ(O T; Kp) such that uy, € L*(0, T; H), uy (-, 0) = tno and
/ / up e (%, ) (Whe(x, 1) — up e (x, 1)) dxdt + K2 f / U (X, 0) (Who (X, 1) — U x(x, 1)) dx dt
(Ph)
> / o () (1 (%, 0) — o () dx + / / £, ) (. ©) — upx, ) ded
Ywy, € L?(0, T; Ky) such that Wh,t € 120, T; H) and wy (-, T) = up(-, T)

where K}, is a subset of V}, allowing to take into account the non-penetrability condition of the beam into the obstacles (see
[2,3] or Section 2 for the detailed definition of K;) and upg and vyg are an approximation of uy and vg in Vj, respectively. If

Vi = Span{e1, @2, ..., ¢,} CV, Jp =Dim(Vy)

we can define

o
Kp = {ljjh € R]h Lwp = ZIII;!(/)J (S Kh}.
j=1
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