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a b s t r a c t

We consider an abstract class of variational–hemivariational inequalities which arise in
the study of a large number of mathematical models of contact. The novelty consists in the
structure of the inequalities which involve two history-dependent operators and two non-
differentiable functionals, a convex and a nonconvex one. For these inequalities we provide
an existence and uniqueness result of the solution. The proof is based on arguments of sur-
jectivity for pseudomonotone operators and fixed point. Then, we consider a viscoelastic
problem in which the contact is frictionless and is modeled with a new boundary condi-
tionwhich describes both the instantaneous and thememory effects of the foundation.We
prove that this problem leads to a history-dependent variational–hemivariational inequal-
ity in which the unknown is the displacement field. We apply our abstract result in order
to prove the unique weak solvability of this viscoelastic contact problem.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Variational and hemivariational inequalities play an important role in the study of both the qualitative and numerical
analysis of nonlinear boundary value problems arising in Mechanics, Physics and Engineering Science. At the heart of this
theory is the intrinsic inclusion of free boundaries in an elegant mathematical formulation.

The study of variational inequalities started in early sixties, based on arguments ofmonotonicity and convexity, including
the properties of the subdifferential of a convex function. Basic references concerning the theory of variational inequalities
are [1–9]. The numerical analysis of various classes of variational inequalities was treated in [10,11] and also in [12,13]. For
various applications of the variational inequalities inMechanics and Engineering Sciencewe refer to [9,14,15], among others.
An excellent reference in the study of numerical analysis of plasticity problems via the theory of variational inequalities
is [16].

The notion of hemivariational inequality was introduced in [17], based on the properties of generalized gradient intro-
duced and studied in [18–20]. The Clarke theory of subdifferentiation for locally Lipschitz functions has been motivated by
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the facts that a convex function is locally Lipschitz in the interior of its effective domain and a locally Lipschitz function is
differentiable almost everywhere. The analysis of hemivariational inequalities, including existence and uniqueness results,
can be found in [21–24]. For a description of various problems arising in Mechanics and Engineering Science which lead to
hemivariational inequalities we refer to [22,24]. For the numerical analysis of hemivariational inequalities, including their
finite element approximation, we refer to [25].

Variational–hemivariational inequalities represent a special class of inequalities, in which both convex and nonconvex
functions are involved. Their study is motivated by various boundary problems arising in Mechanics and, more specifically,
in Contact Mechanics. Basic references in the field are [23,24].

Contact phenomena involving deformable bodies abound in industry and everyday life and, owing to their inherent com-
plexity, they lead to nonlinear and nonsmooth mathematical problems. Their mathematical and numerical analysis, includ-
ing existence and uniqueness results, was developed in a large number of works, see for instance the books [9,14,15,22,26],
the edited volumes [27–31] and the references therein. It is based on arguments of variational and hemivariational inequal-
ities, among others.

The aim of this paper is to prove a new existence and uniqueness result in the study of a class of variational–
hemivariational inequalities and to apply these results in the analysis of a quasistatic contact problem. Our work has three
traits of novelty which makes the difference with our previous paper [32] where the unique solvability of a class of history-
dependent hemivariational inequalities was proved. The first novelty arises in the special structure of the abstract problems
we consider, which are governed by two operators depending on the history of the solution, and two nondifferentiable func-
tionals, a convex and a nonconvex one. Therefore, in contrast to [32], in this paper we deal with variational–hemivariational
inequalities. The second novelty arises in the fact that, unlike a large number of references, including [32], the inequality
problems considered in this paper are formulated on the unbounded interval of time R+ = [0, ∞). Finally, the third one is
given by the contact model we consider which describes a reactive foundation with memory effects. Considering such kind
of models leads to a new and nonstandard mathematical model.

The class of variational–hemivariational inequalities we study represents a general framework in which a large number
of quasistatic contact problems, associated to various constitutive laws and frictional or frictionless contact conditions, can
be cast. Therefore, our work provides arguments and tools which can be useful to prove the unique solvability of a large
number of quasistatic contact problems.

The rest of the paper is structured as follows. In Section 2 we recall some preliminary material. In Section 3 we intro-
duce the class of history-dependent variational–hemivariational inequalities we are interested in, list the assumptions on
the data and state our main existence and uniqueness result, Theorem 16. The proof of the theorem is presented in Sec-
tion 4. It is based on arguments of surjectivity for pseudomonotone operators and fixed point. In Section 5 we introduce
a quasistatic frictionless contact problem in which the material’s behavior is modeled with a viscoelastic constitutive law
and the contact conditions are in a subdifferential form. We show that this problem leads to a history-dependent varia-
tional–hemivariational inequality for the displacement field. Then, in Section 6, we use our abstract result in the analysis of
this contact problem and prove its unique solvability.

2. Preliminaries

We start with presenting some preliminarymaterial whichwill be used in the rest of the paper. It includes the definitions
of classes of single and multivalued operators and the properties of subgradients of convex functions and locally Lipschitz
functions. For further details, we refer the reader to the books [21,22,33].

Given a normed Banach space X we denote by ∥ · ∥X its norm, by X∗ its topological dual and by ⟨·, ·⟩X∗×X the duality
pairing of X and X∗. The symbolw-X is used for the space X endowedwith the weak topology. Moreover, 2X∗

represents the
set of parts of X∗. For simplicity in exposition, in the following, we always suppose that X is a Banach space unless other-
wise stated. Below we shall consider both single-valued operators A: X → X∗ and multivalued operators A: X → 2X∗

. The
following definitions hold for single-valued operators.

Definition 1. An operator A: X → X∗ is called:

(a) bounded, if A maps bounded sets of X into bounded sets of X∗.
(b) monotone, if ⟨Au − Av, u − v⟩X∗×X ≥ 0 for all u, v ∈ X .
(c) maximal monotone, if it is monotone, and ⟨Au − w, u − v⟩X∗×X ≥ 0 for any u ∈ X implies that w = Av.
(d) coercive with constant α > 0, if ⟨Au, u⟩X∗×X ≥ α∥u∥2

X for all u ∈ X .
(e) pseudomonotone, if it is bounded and un → uweakly in X together with lim sup ⟨Aun, un − u⟩X∗×X ≤ 0 imply

⟨Au, u − v⟩X∗×X ≤ lim inf ⟨Aun, un − v⟩X∗×X for all v ∈ X .

Remark 2. An equivalent definition of pseudomonotonicity which is useful in the following, reads as follows. An operator
A: X → X∗ is pseudomonotone, if it is bounded, and if un → u weakly in X together with lim sup ⟨Aun, un − u⟩X∗×X ≤ 0
imply lim ⟨Aun, un − u⟩X∗×X = 0 and Aun → Au weakly in X∗.
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