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a b s t r a c t

This paper is concerned with the Riemann problems for the system of generalized Chaply-
gin gas dynamics and the formation of Deltawave and vacuum state as pressure vanishes. It
is proved that, the limit solutions tend to the two kinds of Riemann solutions to the trans-
port equations in zero-pressure flow, which include a Delta wave formed by a weighted
δ-measure and a vacuum state.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we are concerned with the Euler system
ρt + (ρu)x = 0,
(ρu)t + (ρu2

+ p(ρ))x = 0, (1)

where the variablesρ(x, t) is the density, u(x, t) is the velocity and p(ρ) is the pressure. System (1)with the equation of state

p = −Aρ−α, 0 < α < 1, A > 0, (2)

is called the generalized Chaplygin gas dynamics system.
Guo and Sheng [1] and Wang [2] studied the Riemann problems for the Chaplygin gas and obtained the solutions to the

Riemann problems and the interactions of elementary waves. The Riemann solutions to the transport equations in zero-
pressure flow in gas dynamics were presented by Sheng and Zhang in [3], in which Delta wave and vacuum state appeared.

The vanishing pressure limit method was investigated first by Li [4] in 2001, in which he obtained the limit of Riemann
solutions of system (1) for isothermal gas as pressure vanishes. Then, in 2003 and 2004 Chen and Liu [5,6] obtained the same
result and generalized to polytropic gas case. The same problems for relativistic Euler equations were studied by Yin and
Sheng [7,8].

In this paper, we focus on the limit of Riemann solutions to the generalized Chaplygin gas dynamics system as pressure
vanishes. The organization of the paper is as follows. In Sections 2 and 3, the Riemannproblems for the generalized Chaplygin
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gas dynamics system and the transport equations are analyzed by characteristic analysis. In Section 4, we discuss the limit
of Riemann solutions as pressure vanishes.

2. Riemann problems for Euler equations (1)–(2)

In this section, we discuss the Riemann solutions to system (1) with initial data

(u, ρ)(x, 0) = (u±, ρ±), ±x > 0, (3)

where (u±, ρ±) are arbitrary constant states with ρ± > 0.
For smooth solution, system (1) can be written in the matrix form

ρ
u


t
+


u ρ

p′(ρ)/ρ u


ρ
u


x
= 0. (4)

It is easy to obtain the eigenvalues

λ1 = u −
√
Aαρ−

1+α
2 , λ2 = u +

√
Aαρ−

1+α
2 , (5)

and the corresponding right-eigenvectors

−→r1 =


1,−

c
ρ

T

,
−→r2 =


1,

c
ρ

T

, (6)

where c =
√
Aαρ−

1+α
2 . By simple calculation, we get ∇λi ·

−→ri ≠ 0, i = 1, 2, which mean that both the characteristic fields
of the generalized Chaplygin gas dynamics system are genuinely nonlinear.

Since system (1) and the initial data (2) remain invariant under the transformation x → αx, t → αt , we seek the self-
similar solution (u, ρ)(x, t) = (u, ρ)(ξ) (ξ = x/t) of (1) and (3), inwhich case the Riemann problem turns into the following
boundary-value problem at infinity

−ξρξ + (ρu)ξ = 0,
−ξ(ρu)ξ + (ρu2

+ p(ρ))ξ = 0, (7)

(u, ρ)(±∞) = (u±, ρ±).

For smooth solutions, (7) can be rewritten as
u − ξ ρ

p′(ρ)/ρ u − ξ


ρ
u


ξ

= 0, (8)

which provides either the general constant solution or the singular solutions called the centered rarefaction waves. More
precisely, for a given state (u−, ρ−), the possible states (u, ρ) that can be connected to the state (u−, ρ−) by a centered
backward (forward) rarefaction wave is symbolized by R1(u−, ρ−) (R2(u−, ρ−)).

Lemma 1. The backward and forward rarefaction wave curves are given by

R1(u−, ρ−) :


ξ = u −

√
Aαρ−

1+α
2 ,

u −
2
√
Aα

1 + α
ρ−

1+α
2 = u− −

2
√
Aα

1 + α
ρ

−
1+α
2

− ,
ρ < ρ−, (9)

and

R2(u−, ρ−) :


ξ = u +

√
Aαρ−

1+α
2 ,

u +
2
√
Aα

1 + α
ρ−

1+α
2 = u− +

2
√
Aα

1 + α
ρ

−
1+α
2

− ,
ρ > ρ−, (10)

respectively. In addition, du
dρ < 0 (>0) on R1 (R2).

Similarly, for a given state (u+, ρ+), we can obtain R1(u+, ρ+) or R2(u+, ρ+).
For a bounded discontinuous solution, the Rankine–Hugoniot (R–H) relations of (7) are

−σ [ρ] + [ρu] = 0,
−σ [ρu] + [ρu2

+ p] = 0, (11)

where [v] = v+ −v−, v+ = v (w+0), v− = v (w−0) and σ is the velocity of the discontinuity. For a given state (u−, ρ−),
the possible states (u, ρ) that can be connected to the state (u−, ρ−) by a backward or forward shock wave are symbolized
by S1(u−, ρ−) or S2(u−, ρ−).
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