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1. Introduction

In this paper, we investigate the existence of homoclinic solutions for a class of second-order p-Laplacian differential
systems with delay as follows:

d d
E[%(H/(t))] + EVF(U(f)) + VG(u(t)) + VH(u(t — y (1)) = e(t), (1.1)
where p € (1,400),¢, : R" — R'¢,(u) = (lu1P2uy, [UaP2uy, .. ., |ua|Pu,) foru # 0 = (0,0,...,0) and

@p(0) = (0,0,...,0),F € C*(R",R),G,H € C'(R",R),e € C(R,R") and y(t) is a continuous T-periodic function with
y(t) > 0, T > 0is a given constant.

As is well known, a solution u(t) of Eq. (1.1) is named homoclinic (to O) if u(t) — O and u'(t) — Oas [t| - +o0.In
addition, if u # O, then u is called a nontrivial homoclinic solution.

The existence of homoclinic solutions for some second-order ordinary differential equations has been extensively studied
by using critical point theory; see [1-4] and the references therein. In [5], by using the methods of bifurcation theory,
the authors investigated the existence of homoclinic solutions to some retarded functional differential equations with
parameters. However, as far as we know, few papers have discussed the existence of homoclinic solutions to retarded
functional differential equations without parameters. For Eq. (1.1), even if y (t) = 0, since the equation contains the term
% VF (u(t)), the method of critical point theory in [ 1-4] cannot be applied directly. This is due to the fact that the differential

system is not the Euler-Lagrange equation associated with some functional I : Wzl,ﬁ — R.

Like in the work of Rabinowitz in [6], Marek Lzydorek and Joanna Janczewska in [7] and X.H. Tan and Li Xiao in [8], the
existence of a homoclinic solution for the equation is obtained as a limit of a certain sequence of 2kT-periodic solutions for
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the following equation:

d d
a[wp(u’(t))] + EVF(u(t)) + VG(u(t)) + VHu(t — y (t))) = ex(t), (1.2)

where k € N, e, : R — R"is a 2kT-periodic function such that

e(t) t € [—kT, kT — &p),

e(D) = ok — g) + S KD _Se(kT ~8) KT tey) te kT — eo. KT, (13)
0

& € (0, T) is a constant independent of k. However, in our approach, the existence of 2kT-periodic solutions to Eq. (1.2)
is obtained by using an extension of Mawhin’s continuation theorem [9], not by using the methods of critical point theory,
which is quite different from the approach of [ 1-4,6-8]. Furthermore, the main result in the present paper is related to the
value of the delay y (t), and also the methods for getting a priori bounds of periodic solutions for Eq. (1.2) are essentially
different from the corresponding ones of [10-14].

2. Preliminaries

Throughout this paper, | - | will denote the absolute value and the Euclidean norm on R". For each k € N, let Coir = {x|x €
C(R, R"), x(t + 2kT) = x(t)}, Cj,p = {xIx € C'(R, R"), x(t + 2kT) = x(t)} and [x|op = maX;c[o,2kr) [X(¢)]. If the norms of Coer
and CzlkT are defined by || - [lc, = | - lo and ||x||C21kT = max{|x|o, |X'|o}, respectively, then Cy,r and CzlkT are all Banach spaces.

1/r
Furthermore, for ¢ € Cor, ||, = ( it |¢(r)|fc1t) ,where r € (1, +00).

Lemma 2.1 ([13]). Let s € C(R, R) withs(t + w) = s(t) and s(t) € [0, w], Vt € R. Supposep € (1, 4-00), ¢ = MaX;e[o,e] S(t)
and u € C'(R, R) with u(t + w) = u(t). Then

/w lu(t) — u(t — s(t))|Pdt < P /w [u/(t)[Pdt.
0 0

Lemma 2.2. If q : R — R"is continuously differentiable on R, a > 0 and p > 1 are constants, then for every t € R the following
inequality holds:

; t+a 1/p t+a 1/p
lq(t)] < 2a)"» (/ Iq(S)I”dS) +aa)~ ' </ Iq’(S)I"dS) .
t t

—a —a

This lemma is a special case of Lemma 2.2 in [8].
In order to study the existence of 2kT-periodic solutions for Eq. (1.2), for each k € N, from (1.3) we observe that e, € Cyr.
Let X = Cyyy-

Lemma 2.3 ([9]). Assume that £2 is an open bounded set in Xy such that the following conditions are satisfied:
[C1] For each A € (0, 1), the equation

d d
acbp[X'(t)] + A VE(®D) + AVEu®) + AVHu(t — y (1)) = Ae(t)

has no solution on 052.
[C,] The equation

2kT
AW@) = — | [VG(a) + VH(a) — ex(t)]dt =0
2kT 0

has no solution on 052 N R".
[C3] The Brouwer degree

ds{A, 2 NR", 0} # 0.
Then Eq. (1.2) has a 2kT-periodic solution in £2.

Lemma 2.4. If x € (0, +00) satisfies the following inequality:
X < ax?+ Bx,
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