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a b s t r a c t

We consider elliptic Dirichlet problem −∆pu = λf(x, u,∇u) − g(x, u) in Ω , u =
0 on ∂Ω . Assume that the nonlinearity f satisfies certain growth condition. Using
the fixed point index, the Leggett–Williams theorem on fixed point and the
arguments on monotone minorant, we prove the existence and multiplicity results
for the equation. This extends some known results.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Consider the following elliptic Dirichlet problem
−∆pu = λf(x, u,∇u)− g(x, u) in Ω ,
u = 0 on ∂Ω ,

(1.1)

where u is a non-trivial non-negative unknown function, Ω ⊂ RN (N ≥ 2) is a bounded domain with a
smooth boundary ∂Ω , ∆pu = div(|∇u|p−2∇u) is the p-Laplacian with 1 < p < N , and λ > 0 is a real
parameter.

In this paper, we consider Eq. (1.1) under the condition

(f) |f(x, u, v)| 6 m(x)|u|α + c|v|γ
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where α < p∗−1, γ < p
(p∗)′ with p∗ = pN

N−p and m ∈ Lq(Ω) with q > ( p
∗

1+α )′. Here, for t ∈ (1,∞) the number
t′ is defined by 1

t + 1
t′ = 1. Depending on the value of the exponent α, Eq. (1.1) under the condition (f) is

divided into three types: the sub-, equi- or super-diffusive cases corresponding to α < p − 1, α = p − 1 or
α > p− 1, respectively.

Such equations include p-logistic equations (or logistic equation when p = 2) corresponding to the case
f(x, u, v) = a(x)uα, g(x, u) = b(x)uβ with 1 < α < β. Note that the theory of p-logistic equation has been
received a great deal of attention and has had a wide range of applications from reaction–diffusion processes
to population dynamics. For further discussions, we refer the reader to [3,5–8,13,11,14,12,16–18,20,21,25,24,
26] and references therein. Further, the analogous results have proved in [13,11,14,12] for the case, when
p-Laplacian operator was replaced by a non-homogeneous differential operator div a(∇u).

Recently, the equation −∆pu = λf(x, u)− g(x, u) has been studied in [3,18] for the super-diffusive case.
Using the variational method, the authors obtained the existence of a number λ∗ > 0 such that the problem
has at least two positive solutions for λ > λ∗ at least one positive solution for λ = λ∗, and has no positive
solution for λ < λ∗.

In this paper, using the fixed point index technique and the cone theoretic arguments, we obtain the
following existence and multiplicity results for Eq. (1.1) which are main results of this paper.

(a) the equation has at least one positive solution for all λ > 0 in the sub-diffusive case and for λ > λ0 in the
equi-diffusive case, where λ0 is the principal eigenvalue of an associated weighted eigenvalue problem.

(b) the equation has at least two positive solutions in the super-diffusive case for sufficiently large λ.

Note that in [3,18], the authors obtained the existence results for the super-diffusive case with the non-
linearity f depending on x and u only. In this sense, our paper generalizes to consider the more general class
of non-linearity f and fill the gap by giving the existence results not only for the super-diffusive case but
also for the sub-diffusive and equi-diffusive cases.

Eq. (1.1) with the non-linearity f containing ∇ was investigated in [19,23]. However, the condition on f
in our paper is slightly weaker. Moreover, both the works [19,23] proved the existence for a positive solution
only, but the multiplicity existence result. In comparison with [19,23], our results on multiplicity existence
results are new.

We would like to describe briefly the technical elements used in the paper. In the sub- and equi-diffusive
cases we consider not necessarily bounded solutions and therefore, there appeared some difficulties in their
estimates. We use the arguments of compactness in conjunction with a kind of monotone minorant arguments
to overcome the difficulties. To study the super-diffusive case, we apply a variant of the Leggett–Williams
theorem on fixed point in cone. This approach is new in the literature.

The paper is organized as follows. In Section 2, we review some preliminary results on fixed point index
and reduce Eq. (1.1) to a fixed point problem. Section 3, is devoted to prove our main results on the existence
and multiplicity for Eq. (1.1).

2. Preliminary results

2.1. Equations in ordered spaces

Let E be a Banach space ordered by the cone K ⊂ E, that is, K is a closed convex subset such that
λK ⊂ K for all λ ≥ 0, K ∩ (−K) = {θ} and ordering in E is defined by x ≤ y iff y − x ∈ K.

If D is a bounded relatively open subset of K and F : D → K is a compact operator such that
F (u) ̸= u,∀u ∈ ∂D, then the fixed point index i(F,D,K) of F on D with respect to K is well-defined.
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