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1. Introduction

In this paper, we study the Hessian equations of parabolic type of the form
FOV?u+x), —ug) = (. 1) (1.1)
in Mp = M x (0,T] C M x R satisfying the boundary condition
u=¢, onPMr, (1.2)

where (M, g) is a compact Riemannian manifold of dimension n > 2 with smooth boundary dM and
M = M UOM, PMr = BMr U SMz is the parabolic boundary of Mz with BMr = M x {0} and
SMy = OM x [0,T], f is a symmetric smooth function of n + 1 variables, V2u denotes the Hessian of u(x,t)
with respect to @ € M, u; = % is the derivative of u(z,t) with respect to ¢t € [0,77], x is a smooth (0, 2)

tensor on M and AV2u+x) = (Xh ..., An) denotes the eigenvalues of V2u + x with respect to the metric g.
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We assume f to be defined in an open convex cone I' C R**! with vertex at the origin satisfying
ai={\e R™1 . each component \; >0, 1<i<n+1}C T # R+

and furthermore, I' is invariant under interchange of any two A, i.e. it is symmetric.
In this work, f is assumed to satisfy the following structural conditions as in [3] (see [9] also):

=2l s omr 1<i<nan, (1.3)
O\
f is concave in I (1.4)
and
dyp,y =infep —sup f >0, where sup f = sup limsup f(N). (1.5)
My or ar Ao€II A—Xo

In this work we are interested in the existence of classical solutions to (1.1)—(1.2). Recent research on the
Hessian equations of elliptic type (see [9,7]):
FOV2u+x)) = ¢(2) (1.6)

provides some ideas to deal with our Eq. (1.1) under nearly minimal restrictions on f.
The most typical examples of f satisfying (1.3)—(1.5) are f = Ji/k and f = (op/o)/* D 1<l <k <

n + 1, defined in the Garding cone
Iy={ANeR"™ M :0;(\) >0, j=1,...,k},

where oy, are the elementary symmetric functions

When f = aiér(f+1), Eq. (1.1) can be written as the parabolic Monge-Ampére equation:
—ugpdet(V3u + x) = "t (1.7)

which was introduced by Krylov in [19] when x = 0 in Euclidean space. Instead of the determinant in (1.7),
Ren [25] studied equations of the form

—urf(N(V?u)) = 9(a,1). (1.8)

Our interest to study (1.1) is from their natural connection to the deformation of surfaces by some
curvature functions. For example, Eq. (1.7) plays a key role in the study of contraction of surfaces by
Gauss—Kronecker curvature (see Firey [5] and Tso [28]). For the study of more general curvature flows,
the reader is referred to [1,2,14,24] and their references. (1.7) is also relevant to a maximum principle for
parabolic equations (see Tso [29]).

In [23], Lieberman studied the first initial-boundary value problem of Eq. (1.1) when x = 0 and v may
depend on u and Vu in a bounded domain 2 C R"™! under various conditions. Jiao and Sui [18] considered
parabolic Hessian equations of the form

FOVPu+X)) = = (. 1) (1.9)
on Riemannian manifolds under an additional condition which was introduced in [10]

T\ NOI' is a nonempty compact set, YA € I' and sup f < o < f(A), (1.10)
ar

where 0I'” = {\ € I' : f(\) = o} is the boundary of I' = {A € I" : f(\) > o} and T) denote the tangent
plane at A of 9N for 0 > sup,, f and A € I'. Eq. (1.9) in domains of R” was also studied by Ivochkina
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