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1. Introduction

In this work, we consider the system of M coupled semilinear Schrédinger equations

M
i(vi)t+AUZ‘+Zk‘l‘j|1}j‘p+l|vi|p_lvi :07 L= 1,...,M (1.1)
Jj=1

where V = (vy,...,vy) : Rt x 2 — CM 2 c RN open with smooth boundary, ki; € R, kij = kj;, and
0<p<2/(N—2)" (we use the convention 2/(N — 2)* = +o0, if N = 1,2, and 2/(N — 2)* =2/(N — 2),
if N > 3). Given 1 <i# j < M, if k;; > 0, one says that the coupling between the components v; and v; is
attractive; if k;; < 0, it is repulsive.

E-mail address: sfcorreia@fc.ul.pt.

http://dx.doi.org/10.1016/j.na.2016.03.006
0362-546X/© 2016 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.na.2016.03.006
http://www.sciencedirect.com
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2016.03.006&domain=pdf
mailto:sfcorreia@fc.ul.pt
http://dx.doi.org/10.1016/j.na.2016.03.006

S. Correia / Nonlinear Analysis 140 (2016) 112—-129 113

When we look for nontrivial periodic solutions of the form V' = ¢“'U, with U = (uy,...,up) € (HE(02))M
(called bound-states), we are led to the study of the system
M
Aui—wui+Zkij|uj\p+l|ui|p_lui:07 Uj EH&(Q)7 izl,...,M. (M—NLS)
j=1

On the other hand, one may also consider periodic solutions where the time—frequency is not necessarily
the same for each component (one then says that the components are out of phase). These solutions are of

the form V = (e™“1tuy, ..., ey, ) and the stationary system is
M
Ay — wity + Y kg [P g P s = 0, g € HY(2), i=1,..., M. (M-NLS')
j=1

Notice that, if M = 1 and 2 = R”, the presence of w > 0 may be eliminated by a suitable scaling.
However, in any other case, such a procedure is no longer possible.

In any case, for both physical and mathematical reasons, one is interested in bound-states which have
minimal action among all bound-states, the so-called ground-states. The set of such solutions is noted G.
For 2 = R¥ | in the scalar case, one may prove that there is a unique ground-state @ (modulo translations
and rotations, see [1]). For a general (2, the problem has not been completely solved. However, it is known,
for example, that there exists a ground-state if

first eigenvalue of — A on Ha(R2), 2 bounded

1.2
0 {2 infinite parallelepiped. (1.2)

w>—)\1(!?), )\1(9)_{
The vector case is much more complex. The existence of ground-states for system (M-NLS’) on 2 = RV
has been proven under the sufficient and necessary condition

U = (u, ..., up) € (H'RV))M: Y kij/|ui|')+1\uj|p+1 >0 (1.3)
ij=1
using a suitable variational formulation. We note that the result is still true for any {2 bounded. In fact, one
proves that the set of ground-states is the set of minimizers of

M
inf {/Zwi|ui|2 + [V |? Z kij / i [Py [P = )\} , (1.4)
i=1 ij=1

for a precise and explicit A. To prove existence of minimizers, the main difficulty is the strong compactness
of the minimizing sequence in L?’*2. In {2 bounded, this is trivial, since one has the compact injection
HY2) — L?*2(02). For 2 = RY, one uses the concentration-compactness principle and proves the
compactness alternative. Since the existence of ground-states for general (2 is an open problem, we shall
make the following assumption

“The set of all ground-states for (M-NLS) over {2, G, is nonempty”. (Exist)

One then may pose a number of questions: is there a unique positive ground-state? Does a ground-state
have all components different from 0 (called nontrivial ground-states)? Can we obtain a simple
characterization of the family of ground-states? Are the solutions positive and radially decreasing?

Regarding system (M-NLS), for 2 = R¥| a recent work [2] has answered to these questions for a very
large family of matrices K = (ki;)1<i j<m. Essentially, if one may group the components in such a way
that two components attract each other if and only if they belong to the same group, one may answer all
questions above in a satisfactory fashion. One may also prove that, in the case where all components attract
each other, the result is extendible to any (2. If this grouping hypothesis fails, the situation becomes much
more difficult. The reason is that two components may repel each other directly but, by transitivity, they
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