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In this paper, we restudied the two-weight problem of multilinear fractional maximal
operator M. First, we gave a characterization of two-weight inequalities for My
related to a multilinear analogue of Sawyer’s two-weight condition Sz ,), which
essentially improved and extended some known results before. This was done mainly
by using the technique of the well known atomic decomposition of tent space. Then
we obtained the strong boundedness of Mg associated with multiple weight Az ¢
class, which removed the power bump condition assumed in the known results
before. Finally, a new two-weight B(z,) condition was introduced and the two-
weight inequality of Mq with Bz 4) condition was established.
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1. Introduction

The two-weight problem for linear operators originated in the works of Muckenhoupt and Wheeden
[14-16] in the 1970s. The general question is to find a necessary and sufficient condition for a pair of
unrelated weights w and v for which the following estimate holds

1T gy < A oy

for a finite constant A independently of f. In 1982, Saywer [21] showed that the fractional maximal operator

1
Maf (@) = svp s [ 1wy

is bounded from L?(w) to Li(v) if and only if (w,v) satisfies that

(fQ Mo, (JXQ)qux) v
sup
QeQ U(Q)l/p

[w7/U:|S(p,q) = < OO?
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where 0 = w!' ™, 0 < a <n, 1 <p<n/a, Qis the family of all cubes in R™ with sides parallel to the
axes. In 1984, Saywer [22] gave a sufficient and necessary condition for two-weight weak type inequality of
the fractional integral operator I,, which was defined by

_ f(y)
Lfla) = /R" |z — y[n—e

They proved that the following inequality

U({Iaf( ) > A}) = \a HfHLP (w)?
holds if and only if

» , q/p’
/Q(IQ(XQU)(J:)) wi P dz < B(/Q vdm) < 0o, for all cubes Q € R".

In 1988, as for the fractional integral I, and a kind of more general convolution operator with radial kernel
decreasing in |z|, Saywer [23] obtained a characterization for two-weight strong type inequality.

Inspired by the above results, the theory of two-weighted inequalities developed rapidly. Among such
achievements are the nice works of Lacey and Li [7], Perez and Rela [19], Sawyer and Wheeden [24],
and Wheeden [25]. Much later, the interests were focused on determining the sharp dependence of the
LP(w) — L%(v) operator norm in terms of the relevant constant involving the weights, see [6,8,12] for more
details. Moreover, in 2009, Moen [12] extended Sawyer’s result by proving that

HM(’EHLP(U_))—PLQ('U) = [wvv]s(p,q)' (1.1)

However, Saywer’s condition is often difficult to verify in practice, since it involves the maximal
operator. Thus it is necessary to look for other simple sufficient conditions. The first attempt was made
by Neugebauer [17] in 1983. He gave a sufficient condition closely in spirit to the classical A, condition: if
(w,v) satisfies

1 1

AR , v
sup < / Uprdx> (/ w? de) < oo, for some r > 1, (1.2)
Qeo\ Q| QI Jg

then ||MfHLP(vP) S

< Hf”LP(wP)' Later, in 1995, Pérez [18] improved condition (1.2) by

1
P 1 ’ »'r
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The two-weight problem for multilinear operators has also been studied recently. Let us first recall some
related known results. In 2009, the multilinear fractional type maximal operator

Mo (f)(z :SUPH|Q|1—/|f’ (yi)| dy;, for 0 < a < mn,

Qe =1

was first introduced and studied by Chen and Xue in [4], and also simultaneously defined and studied by
Moen in [13]. Specially, when a = 0, M is coincide with the multilinear maximal function and will be
denoted by M, which was introduced by Lerner, Ombrosi, Pérez, Torres and Trujillo-Gonzalez in [9]. To
study two-weight inequality, Moen [13] introduced the following two-weight condition

wW,v]a,. = su §’i+§1< /vdm)q ( / - pgdm) K < 0. 1.3
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