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submatrix and part of the eigenvalues of its submatrix 
is considered. The necessary and sufficient conditions for 
the existence and uniqueness of the solution are derived. 
Furthermore, a numerical algorithm and some numerical 
examples are given.
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a b s t r a c t

In this article, we establish the phenomenon of existence and nonexistence of positive
weak solutions of parabolic quasi-linear equations perturbed by a singular Hardy
potential on the whole Euclidean space depending on the controllability of the
given singular potential. To control the singular potential we use a weighted Hardy
inequality with an optimal constant, which was recently discovered in Hauer and
Rhandi (2013). Our results in this paper extend the ones in Goldstein et al. (2012)
concerning a linear Kolmogorov operator significantly in several ways: firstly, by
establishing existence of positive global solutions of singular parabolic equations
involving nonlinear operators of p-Laplace type with a nonlinear convection term
for 1 < p <∞, and secondly, by establishing nonexistence locally in time of positive
weak solutions of such equations without using any growth conditions.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction and main results

The aim of this article is to establish the phenomenon of existence and nonexistence of positive weak
solutions of p-Kolmogorov equations perturbed by a Hardy-type potential

∂u

∂t
−Kpu = V |u|p−2

u on Rd×]0, T [, (1.1)

∗ Corresponding author.
E-mail addresses: jgoldste@memphis.edu (J.A. Goldstein), daniel.hauer@sydney.edu.au (D. Hauer), arhandi@unisa.it

(A. Rhandi).

http://dx.doi.org/10.1016/j.na.2015.07.016
0362-546X/© 2015 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/j.na.2015.07.016
http://www.sciencedirect.com
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2015.07.016&domain=pdf
mailto:jgoldste@memphis.edu
mailto:daniel.hauer@sydney.edu.au
mailto:arhandi@unisa.it
http://dx.doi.org/10.1016/j.na.2015.07.016


122 J.A. Goldstein et al. / Nonlinear Analysis 131 (2016) 121–154

depending whether λ ≤
 |d−p|

p

p or λ >
 |d−p|

p

p for 1 < p <∞, d ≥ 2, and the potential V ∈ L∞loc(Rd \ {0})
satisfies

0 ≤ V (x) ≤ λ
|x|p for a.e. x ∈ Rd. (1.2)

Here, we call a real-valued measurable function u on Rd × (0, T ) positive if u(x, t) ≥ 0 for a.e. x ∈ Rd and
a.e. t ∈ (0, T ) and the operator

Kpu := div

|∇u|p−2∇u


+ ρ−1 |∇u|p−2∇u∇ρ (1.3)

is the p-Kolmogorov operator for the particular density function

ρ(x) := N e−
1
p (xtAx)p/2 (1.4)

for every x ∈ Rd, where A is a real symmetric positive definite (d × d)-matrix and N some normalisation
constant such as the integral


Rd ρ(x) dx = 1. The operator Kp was first introduced in [17] and we note

that the case A = 0 corresponds to the density function ρ ≡ 1. In this case, one does not normalise and
the phenomenon of existence and nonexistence of positive solutions of Eq. (1.1) on bounded and unbounded
domains has been well-studied in the past (see, for instance, [15,2,19]). Thus, it is the task of this article,
to investigate the case A is a real symmetric positive definite (d× d)-matrix. Furthermore, we denote by dµ
the finite Borel-measure on Rd given by

dµ = ρ dx,

for 1 ≤ q ≤ ∞ and any open subset D of Rd, let Lq(D,µ) and W 1,q(D,µ) denote the standard Lebesgue
and first Sobolev space with respect to the measure dµ and W 1,q

0 (D,µ) the closure of C∞c (D) in W 1,q(D,µ).
Under these assumptions, the second and third authors of this article established in [21] the following Hardy
inequality with a remainder term.

Lemma 1.1 ([21]). Let d ≥ 2, 1 < p <∞ and A be a real symmetric positive definite (d× d)-matrix. Then
|d−p|
p

p 
Rd
|u|p
|x|p dµ ≤


Rd
|∇u|p dµ+


|d−p|
p

p−1
sign(d− p)


Rd
|u|p (xtAx)p/2

|x|p
dµ (1.5)

for all u ∈W 1,p(Rd, µ) with optimal constant
 |d−p|

p

p.
In contrast to the case A ≡ 0 (cf., for instance, [15] or [26] and the references therein), our weighted

Hardy inequality (1.5) admits the remainder term
|d−p|
p

p−1
sign(d− p)


Rd
|u|p (xtAx)p/2

|x|p
dµ. (1.6)

This term has, in fact, a great impact on the existence of weak solutions of Eq. (1.1) in the degenerate case
2 < p < d, while for establishing nonexistence of positive solutions this term does not cause any problems.
It is somehow surprising that in the case p > d, the remainder term (1.6) becomes negative and so provides
further estimates in Lp(Rd, µ). We note that one does not find much in the literature about Hardy type
inequalities in the case p > d ≥ 2.

In this article, we make use of the following notion of weak solutions, which seems to be natural for
parabolic equations of p-Laplace type with singular potentials (cf. [10,8,9] or [18] for p = 2 and [19] by
J. Goldstein and Kombe).

Definition 1.2. Let V ∈ L∞loc(Rd \ {0}, µ) be positive. If p ̸= 2, then for given u0 ∈ L2
loc(Rd, µ) we call u a

weak solution of Eq. (1.1) with initial value u(0) = u0 provided

u ∈ C([0, T );L2
loc(Rd \ {0}, µ)) ∩ Lp(0, T ;W 1,p

loc (Rd \ {0}, µ)),
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