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1. Introduction

In this paper we show how to construct infinitely many realizations of the Schrédinger operator with
inverse square potential S = A — # generating an analytic and positive semigroup, when smooth functions
with compact support away from the origin do not constitute a core. We work in LP(RY) and define the

maximal operator

Spmax = Su as a distribution in R \ {0},

D(Sp max) = {u € LP(RY); Su e LP(RN)} (1.1)

and the minimal operator

Sp.mint = Su,

1.2
D(S, min) := the closure of S defined in C5°(RY \ {0}). (12)
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The L2—analybib of the operator is the following. By Hardy’s inequality, S2 min is form-bounded if and only if
b+ (%) > 0 and, by Rellich inequality, So min is self- adJ01nt if and only if b+ M =b+ (&5 2) -1>0
(see e.g., Reed—Simon [14, Chapter X]). When b+ (%) < 1, therefore, there are mﬁmtely many self-adjoint
extensions S such that Sz min & S C 55 14in = 52,max-

We also recall that the condition b+ ( 2)2 > 0 is necessary and sufficient for the existence of positive
distributional solutions of the correspondlng parabolic problem, due to a famous result in [3]. However, when
b+ ( 2)2 < 0, one can construct non-self-adjoint realizations of S which generate an analytic semigroup
in LQ(RN) see [9].

The LP-analysis, 1 < p < o0, is the following. Under the assumption b + ( ) > 0 and setting

—2 N-2 | N —2\?

it is proved in [8, Section 7] and [10] that there exists a realization Sy min C Spint C Spmax generating
a semigroup in LP(RY) if and only if & > € (81,82 + 2); the generated semigroup is analytic and positive.
When p = 2, S5 jn¢ coincides with the Friedrichs extension of S min. Moreover, Sy int = Sp max if and only if
% € (s1, 2] and Sy int = Sp,min if and only if % € [s1 + 2,82 + 2). Therefore S, iy, is the unique realization
of S between Sp, min and Sp max Which generates a semigroup, when these two intervals overlap, that is when
51+ 2 < s9, since it coincides either with S, min or with Sp max (and with both when % € [s1+ 2, 82]). The
problem of uniqueness arises only when so < s1 + 2 and N/p is in between, that is when

N —-2\? N
b—|—<2> €[0,1) and 56(52,31—1—2).

In this paper we prove that, under the above assumption, there exist infinitely many realizations between
Spmin and Sp max which generate positive and analytic semigroups of angle 7 in LP(]RN ). This result
seems to be new also for p = 2, concerning positivity. Note that the situation does depend on p. When
b+ (%)2 € [0,1), the semigroup generated by Spns acts in all LP where % € (s1,82 + 2) but other
analytic and positive semigroups appear only for those p such that % € (82,81 +2) and there is uniqueness
(in the above sense) only for certain p.

In order to get the above result, we describe a general method to construct different realizations of abstract
operators generating strongly continuous semigroups. We consider densely defined operators Ay, Apin and
Amax in a Banach space X satisfying Amin C Ao © Amax and p(Ag) # @ and we show how to construct
infinitely many realizations between Api, and Apn.x different from Ag, with non-empty resolvent set. In
some cases we show that these realizations generate positive or analytic semigroups.

We point out that this uniqueness/non-uniqueness problem is different from the classical core problem con-
sidered in [5], even when we do not consider positivity. If Ay generates a semigroup (7'(t)):>0, then Ay is a
core for Ay if and only if (T'(¢)):>0 is the only semigroup whose generator extends Apin, see [2, Theorem 1.33].
However, when D(Apin) is not a core, an extension generating a semigroup need not be a restriction of A ax.
The proof of [2, Theorem 1.33] shows that extensions can be constructed by preserving the domain of Ag
but changing the operator on D(Ag) \ D(Amin). This is not our point of view since, looking for extensions
always contained in the maximal operator, we keep fixed the expression of the differential operator on the
larger space of distributions. In the above situation, moreover, we have uniqueness even when S, max is a
generator but D (S, min) is not a core.

Since our approach is quite flexible, in Section 4 we apply it to a more general differential operator whose
coefficients can be singular at 0 and oco.
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