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In this paper, the inverse eigenvalue problem of reconstructing 
a Jacobi matrix from its eigenvalues, its leading principal 
submatrix and part of the eigenvalues of its submatrix 
is considered. The necessary and sufficient conditions for 
the existence and uniqueness of the solution are derived. 
Furthermore, a numerical algorithm and some numerical 
examples are given.

© 2014 Published by Elsevier Inc.

E-mail address: weiyingb@gmail.com.
1 Tel.: +86 13914485239.

http://dx.doi.org/10.1016/j.laa.2014.09.031
0024-3795/© 2014 Published by Elsevier Inc.

Self-dual solutions to pseudo Yang–Mills equations
E. Barletta, S. Dragomir∗, M. Magliaro
Dipartimento di Matematica, Informatica ed Economia, Università degli Studi della Basilicata, Viale
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a b s t r a c t

We study pseudo Yang–Mills fields on a compact 5-dimensional strictly pseu-
doconvex CR manifold M i.e. critical points to the functional YMb(D) =
1
2


M

ΠHRD2
θ∧ (dθ)2 on the space C(E, h) of all connections D on a Hermitian

vector bundle (E, h) over M , such that Dh = 0. If A = {D ∈ C(E, h) : ξ⌋RD =
0, G∗θ(Tr(RD), dθ) = 0} and D ∈ A is an absolute minimum to YMb : A → R then
(i) ∆bTr(RD) = 0 and (ii) D is self-dual or anti-self-dual according to the sign of
c2(θ,D) =


M
θ∧{P2(D)− m−1

2m P1(D)∧P1(D)} [where Pk(D) is the k-th Chern
form of (E,D)] and provided c2(θ,D) is constant on A.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Let (E, h)→M be a Hermitian vector bundle over a compact 5-dimensional CR manifold (M,T1,0(M))
of CR dimension 2 and let θ be a positively oriented contact form on M . The pseudo Yang–Mills functional
(cf. [1]) is

YMb(D) = 1
2


M

ΠHRD2 Ψθ, D ∈ C(E, h), (1)

where Ψθ = θ∧(dθ)2 and RD ∈ Ω2(AdE) is the curvature ofD. Also ΠH : Ω2(AdE)→ Ω2(AdE)/J 2
θ (AdE)

is the natural projection and J •θ (AdE) is the ideal in Ω•(AdE) generated by θ. The functional (1) has been
discovered in [1] by integrating along the fibers in the ordinary Yang–Mills functional, built with respect to
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π∗h and the Fefferman metric Fθ, on the pullback bundle π∗E → C(M) over the total space of the canonical
circle bundle S1 → C(M) π→M .

Let C(E, h) be the affine space of all connections D in E which parallelize h. A connection D ∈ C(E, h)
is a pseudo Yang–Mills field on (M, θ) if

d

dt
{YMb (D + tϕ)}t=0 = 0 (2)

for any ϕ ∈ Ω0(AdE). The corresponding Euler–Lagrange equations are shown to be (cf. Section 4)

δHD ΠHRD = 0, ⟨RD, S ⊗ dθ⟩ = 0, (3)

for any S ∈ Ω0(AdE), where δHD =

[d(1)
D ]H
∗ : Ω2

H(AdE) → Ω1
H(AdE) is the formal adjoint of

[d(1)
D ]H : Ω1

H(AdE)→ Ω2
H(AdE). Here we have set

ΩkH(AdE) =

ω ∈ Ωk(AdE) : ξ⌋ω = 0


and ξ ∈ X(M) is the Reeb vector of (M, θ).

Self-dual or anti-self-dual SU(m) connections in Hermitian vector bundles E over compact oriented
4-dimensional Riemannian manifolds M are absolute minima to the Yang–Mills functional (cf. e.g. The-
orem 3.2.3 in [13, p. 123]) according to the sign of c2(E)[M ], where c2(E) is the second Chern class of
E. In the case considered in this work dim(M) = 5 yet the maximally complex distribution H(M) =
Re {T1,0(M)⊕ T0,1(M)} has real rank 4 hence the Hodge operator ∗H : Λ2H(M)∗ → Λ2H(M)∗ (associated
to the Levi form Gθ) squares to ∗2H = Id. Consequently (cf. [11,12])

Λ2H(M)∗ = Λ2
+H(M)∗ ⊕ Λ2

−H(M)∗ (4)

where Λ2
±H(M)∗ = Eigen (∗H ;±1). The decomposition (4) prompts the natural generalization of (anti)

self-duality i.e. a connection D ∈ C(E, h) is ± self-dual (self-dual or anti-self-dual) if

ΠHRD ∈ C∞(Λ2
±H(M)∗ ⊗Ad(E)).

We show (cf. Theorem 2 in Section 7) that a self-dual (respectively anti-self-dual) connection D ∈ C(E, h)
is a pseudo Yang–Mills field if and only if its curvature RD is horizontal (respectively RD is horizontal and
ΛθRD = 0). Let us set

A =

D ∈ C(E, h) : ξ⌋RD = 0, G∗θ


Tr(RD), dθ


= 0


and consider the problem minD∈A YMb(D). This is shown to be equivalent to the problem

min
D∈A


M

Tr

RD
2 Ψθ, min

D∈A
{xD + yD} ,

xD ≡

M

RD0 +2 ∗ 1, yD ≡

M

RD0 −2 ∗ 1,

(Ψθ = c0,2 ∗ 1). On the other hand we show (cf. Section 8) that

−xD + yD = 8π2 c(θ,D) (5)

where

c(θ,D) =

M

θ ∧


P2(D)− m− 1
2m P1(D) ∧P1(D)


and Pk(D) = Pk


i

2π R
D


is the k-th Chern form of (E,D). The counterpart to (5) on a compact
4-dimensional Riemannian manifold is the relation

−xD + yD = 8π2

c2(E)− m− 1

2m c1(E)2


[M ] (6)
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