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In this paper, the inverse eigenvalue problem of reconstructing 
a Jacobi matrix from its eigenvalues, its leading principal 
submatrix and part of the eigenvalues of its submatrix 
is considered. The necessary and sufficient conditions for 
the existence and uniqueness of the solution are derived. 
Furthermore, a numerical algorithm and some numerical 
examples are given.

© 2014 Published by Elsevier Inc.

E-mail address: weiyingb@gmail.com.
1 Tel.: +86 13914485239.

http://dx.doi.org/10.1016/j.laa.2014.09.031
0024-3795/© 2014 Published by Elsevier Inc.

On the structure of conformally flat Riemannian manifolds✩

Hezi Lin∗
School of Mathematics and Computer Science, Fujian Normal University, Fuzhou, Fujian 350117, China

a r t i c l e i n f o

Article history:
Received 2 December 2014
Accepted 1 May 2015
Communicated by Enzo Mitidieri

MSC:
53C20
53C25

Keywords:
Conformally flat
L2-harmonic 1-forms
Vanishing theorems
Ends

a b s t r a c t

In this paper we will prove vanishing and finiteness theorems for L2-harmonic
1-forms on a locally conformally flat Riemannian manifold which satisfies an integral
pinching condition on the traceless Ricci tensor, and for which the scalar curvature is
non-positive or satisfies some integral pinching conditions. Based on these vanishing
and finiteness theorems, combining with the work of Li–Tam, we can obtain some
one-end and finite ends theorems.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Let us recall that an n-dimensional Riemannian manifold (Mn, g) is said to be locally conformally flat
(LCF for short) if it admits a coordinate covering {Uα, ϕα} such that the map ϕα : (Uα, gα) → (Sn, g0)
is a conformal map, where g0 is the standard metric on Sn. It is well known that a conformally flat
manifold is a higher dimensional generalization of a Riemannian surface. But not every higher dimensional
manifold admits a locally conformally flat structure, and it is difficult to give a good classification of LCF
Riemannian manifolds. However, by adding various geometric conditions, many authors have given some
partial classification for LCF Riemannian manifolds (see, for example, [4,6,5,8,7,9,14,16,19], etc.).

It is interesting to investigate the topological structure of LCF manifolds under suitable geometric
restrictions. In [15], Pigola, Rigoli and Setti proved a vanishing theorem for bounded harmonic m-forms
on a 2m-dimensional complete LCF manifold by putting some assumptions on scalar curvature and volume
growth. In [13], Li–Wang showed that for a complete, simply connected, LCF manifold Mn (n ≥ 4) with
scalar curvature R ≥ 0, if the Ricci curvature Ric ≥ 1

4R and the scalar curvature satisfies some decay
condition, then either M has only one end, or M = R×N with a warped product metric for some compact
manifold N .
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For a compact Riemannian manifold Mn, according to Hodge theory, the space of harmonic 1-forms on
Mn is isomorphic to its first de Rham cohomology group. And it is well known that there are no harmonic
p-forms, 0 < p < n, on a compact conformally flat manifoldMn of positive Ricci curvature. WhenM is non-
compact, the Hodge theory does not work anymore, hence it is natural to consider L2-harmonic forms, as is
showed that L2-Hodge theory remains valid in complete non-compact manifolds as classical Hodge theory
works well in the compact case. In particular, it is shown by Li–Tam [11] that the theory of L2-harmonic
1-forms can be used to study the topology at infinity of a complete Riemannian manifold. Let H1(L2(M))
be the space of L2-harmonic 1-forms on M . It is well known that the space H1(L2(M)) is isomorphic to
the first-reduced L2-cohomology group of M . For more results concerning L2-harmonic forms on complete
non-compact manifolds, one can consult a very nice survey of G. Carron [3].

We denote by Ric and R the Ricci and the scalar curvature, respectively and by T the traceless Ricci
tensor, i.e., T = Ric − Rn g, then |T |2 = |Ric|2 − R

2

n . According to the decomposition of the Riemannian
curvature, it is obvious that a locally conformally flat manifold M has constant sectional curvature if and
only if it is Einstein, that is, T = 0. Moreover, it is well known that H1(L2(M)) = {0}, if M is a space
form, which means that T = 0. Hence the following question arises naturally: If M is close enough to the
space form in the integral sense, is the conclusion H1(L2(M)) = {0} still valid? In this paper, we propose
to prove vanishing and finiteness theorems for L2-harmonic 1-forms on LCF manifolds under appropriate
integral assumptions on T .

When the scalar curvature of a LCF Riemannian manifold Mn has finite Ln2 -norm, then the L2 Sobolev
inequality holds on Mn. Using the Sobolev inequality, we can apply the standard Moser iteration to the
elliptic inequality with respect to harmonic 1-forms. Combining with Peter Li’s lemma [10], one can prove
finiteness theorems for L2-harmonic 1-forms, under the assumption that the Ln/2-norm of the traceless Ricci
tensor T is finite. Finally, according to the results of [11,12], we have the following finite ends theorem.

Theorem 1.1. Let (Mn, g), n ≥ 3, be an n-dimensional complete, simply connected, locally conformally flat
Riemannian manifold. Assume that 

M

|R|n2 dv <∞, (1.1)

and 
M

|T |n2 dv <∞. (1.2)

Then dimH1(L2(M)) <∞. In particular, M must have finitely many ends.

When the scalar curvature of a LCF manifold Mn is non-positive, then the L2 Sobolev inequality and
the weighted Poincaré inequality hold on Mn. In this case, we will deduce the following finite ends theorem
only under the assumption that ∥T∥

L
n
2 (M) is finite.

Theorem 1.2. Let (Mn, g), n ≥ 17, be an n-dimensional complete, simply connected, locally conformally flat
Riemannian manifold with R ≤ 0. Assume that

M

|T |n2 dv <∞.

Then dimH1(L2(M)) <∞. In particular, M must have finitely many ends.

Finally, if the geometrical invariants are less than explicit constants, we will prove vanishing theorems for
L2-harmonic 1-forms. Using these vanishing theorems and the work of [11,12], we will obtain the following
one-end theorems.
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