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In this paper, the inverse eigenvalue problem of reconstructing 
a Jacobi matrix from its eigenvalues, its leading principal 
submatrix and part of the eigenvalues of its submatrix 
is considered. The necessary and sufficient conditions for 
the existence and uniqueness of the solution are derived. 
Furthermore, a numerical algorithm and some numerical 
examples are given.
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a b s t r a c t

In this paper, we introduce and study the notions of Hölder weak sharp minimizers,
stable Hölder weak sharp minimizers and Hölder tilt-stable weak minimizers for a
proper lower semicontinuous function f on a Banach space. In terms of the Hölder
metric subregularity/regularity of ∂f , we consider optimality conditions for Hölder
weak sharp minimizers and stable Hölder weak sharp minimizers. We prove that x̄
is a stable Hölder weak sharp minimizer (resp. a Hölder tilt-stable weak minimizer)
of f if and only if it is a stable Hölder sharp minimizer (resp. a Hölder tilt-stable
minimizer) of f .

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

LetX be a Banach space, and we consider a proper lower semicontinuous function f : X → R := R∪{+∞}
(with the effective domain and the Clarke–Rockafellar subdifferential denoted by dom(f) and ∂f ; see the
next section for definitions and notations). Recall (cf. [3,7]) that x̄ ∈ dom(f) is a sharp minimizer (or strong
local minimizer) of f if there exist positive constants κ and δ such that

κ∥x− x̄∥ ≤ f(x)− f(x̄) ∀x ∈ BX(x̄, δ), (1.1)

where BX(x̄, δ) denotes the open ball ofX with center x̄ and radius δ (and BX [x̄, δ] will be used to denote the
corresponding closed ball). The notion of sharp minimizers has been recognized to be useful in convergence
analysis of algorithms in optimization. However, the sharp minimizer notion in the sense of (1.1) is a rather
strong condition: for example, it can be shown easily that a smooth function does not have any sharp
minimizer. Replacing ∥x− x̄∥ in (1.1) by ∥x− x̄∥q with some constant q > 1, one can consider the following
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weaker notion of a q-order (sharp) minimizer of f : there exist κ, δ ∈ (0,+∞) such that

κ∥x− x̄∥q ≤ f(x)− f(x̄) ∀x ∈ BX(x̄, δ). (1.2)

In the case of q = 2, the 2-order (sharp) minimizer notion in the sense of (1.2) is well-known and has
played an important role in perturbation theory and convergence analysis in optimization. Recently, many
authors studied the stable 2-order minimizers when the function f undergoes small linear perturbations by
considering the functions

fu∗ := f − u∗ (1.3)

with u∗ inX∗ (cf. [2,5,6,12,15,17,16,18,20,21]). Replacing 2 by general q in (1,+∞), Zheng and Ng [28] further
introduced the stable Hölder sharp minimizer: a point x̄ ∈ dom(f) is said to be a stable q-order (sharp)
minimizer of f if there exist δ, r, κ ∈ (0,+∞) such that for each u∗ ∈ BX∗(0, δ) there exists xu∗ ∈ BX(x̄, r),
with x0 = x̄, satisfying the following property:

κ∥x− xu∗∥q ≤ fu∗(x)− fu∗(xu∗) ∀x ∈ BX(x̄, r). (1.4)

Motivated by the tilt-stability of Poliquin and Rockafellar (see [21]), Zheng and Ng [28] also introduced the
following notion: x̄ is said to be a tilt-stable p-order minimizer of f (or say that x̄ gives a tilt-stable p-order
minimum of f) with p ∈ (0,+∞) if there exist r, δ, L ∈ (0, ∞) andM : BX∗(0, δ)→ BX [x̄, r] withM(0) = x̄
such that

fu∗(M(u∗)) = min
x∈BX [x̄,r]

fu∗(x) ∀u∗ ∈ BX∗(0, δ) (1.5)

(where fu∗ is as in (1.3)) and

∥M(x∗)−M(u∗)∥ ≤ L∥x∗ − u∗∥p ∀x∗, u∗ ∈ BX∗(0, δ). (1.6)

Significant advances have been made regarding the stable minimizers and the tilt-stable sharp minimizers
for the case when q = 2 and p = 1 (cf. [1,2,5,6,12,15,16,18,20,21]). In particular, under the assumption that
f is a proper lower semicontinuous function on a Hilbert space and x̄ is a local minimizer of f such that
f is subdifferentially continuous and proximally regular at (x̄, 0), the following statements are known to be
equivalent:

(i) 0 ∈ ∂f(x̄) and the generalized second order subdifferential ∂2f(x̄, 0) (whose graph is the Mordukhovich
normal cone of the graph of ∂f to (x̄, 0)) is positively definite.

(ii) the subdifferential mapping ∂f is strongly metrically regular at x̄ for 0.
(iii) x̄ is a stable 2-order (sharp) minimizer of f .
(iv) x̄ is a tilt-stable (1-order) minimizer of f .

Note that the above (i) has no counterpart in the general case when q is any number in (1,+∞) \ {2},
majorly due to the fact that we do not have a satisfactory notion/theory for the corresponding higher order
subdifferentials (especially no ‘fractional-order’ subdifferentials has been considered). Zheng and Ng [28]
extended the mutual equivalences of (ii), (iii) and (iv) to the general case of q ∈ (1,+∞).

The q-order (sharp) minimizer in the sense of (1.2) is sufficiently strong to ensure that arg minx∈BX(x̄,δ)f =
{x̄} is a singleton. In many cases, it is desirable to consider minimizers which are not necessarily isolated
ones such as the weak sharp minimizers considered in the seminal paper by Ferris [7]: x̄ is called a (local)
weak sharp minimizer of f if there exist r, κ ∈ (0, ∞) such that f(x̄) = infx∈BX [x̄,r] f(x) and

κd(x, S(f, x̄, r)) ≤ f(x)− f(x̄) ∀x ∈ BX(x̄, r), (1.7)

where

S(f, x̄, r) :=

x ∈ BX [x̄, r] : f(x) = inf

u∈BX [x̄,r]
f(u)

.
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